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Çàïîëíåííûå è ðàçðåæåííûå ìàòðèöû

ÌÊÝ ïðèâîäèò ê ñèñòåìå áàçèñíûõ ôóíêöèé ñ ìàëûì
ïåðåêðûòèåì.
Áîëüøèíñòâî ìàòðè÷íûõ ýëåìåíòîâ â ãëîáàëüíûõ ìàòðèöàõ
ðàâíû íóëþ.
Òàêèå ìàòðèöû íàçûâàþò ðàçðåæåííûìè.
Õðàíåíèå è îïåðàöèè: äëÿ ÷èñëà íåèçâåñòíûõ N = 105 (âåñüìà
óìåðåííîå çíà÷åíèå â ñîâðåìåííûõ ïðèëîæåíèÿõ!):
÷èñëî îïåðàöèé äëÿ îáðàùåíèÿ ìàòðèöû (áåç ó÷åòà
ðàçðåæåííîñòè) ∼ 1015 (280 ÷àñîâ íà 1Ãôëîïñ).
ìèíèìàëüíûé îáúåì ïàìÿòè � îêîëî (80 Ãáàéò).
Íåîáõîäèìû áîëåå ýêîíîìè÷íûå ïîäõîäû!
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Ðàçðåæåííûé ñòðî÷íûé ôîðìàò

Äëÿ íåêîòîðûõ ñïåöèàëüíûõ òèïîâ ìàòðèö ñóùåñòâóþò ïðîñòûå
ñïîñîáû ýêîíîìíîãî õðàíåíèÿ.
(Ëåíòî÷íûå ìàòðèöû � õðàíåíèå ïî äèàãîíàëÿì.)
Äëÿ ïðîèçâîëüíîé ðàçðåæåííîé ìàòðèöû íóæåí óíèâåðñàëüíûé
ïîäõîä.
Ðàñïðîñòðàíåííûé ìåòîä õðàíåíèÿ:
ðàçðåæåííûé ñòðî÷íûé ôîðìàò, ÐÑÔ.
(the compressed sparse row (CSR) data format).
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Ðàçðåæåííûé ñòðî÷íûé ôîðìàò

Ðàçìåðíîñòü ìàòðèöû S ðàâíà N, êîëè÷åñòâî åå íåíóëåâûõ
ýëåìåíòîâ ðàâíî NNZ.
ÐÑÔ ïðåäñòàâëåíèå ìàòðèöû S ñîñòîèò èç òðåõ ìàññèâîâ:

Ìàññèâ A äëèíû NNZ. Âåùåñòâåííûé ìàññèâ, ñîäåðæàùèé
âñå íåíóëåâûå ýëåìåíòû ìàòðèöû ïî ïîðÿäêó ñëåâà íàïðàâî,
íà÷èíàÿ ñ ïåðâîé ñòðîêè äî ïîñëåäíåé.

Ìàññèâ IA äëèíû N+1. Öåëûé ìàññèâ, òàêîé ÷òî IA(1) = 1,
IA(k + 1) = IA(k) + nnzk , ãäå nnzk � ÷èñëî íåíóëåâûõ
ýëåìåíòîâ â k-îé ñòðîêå.

Ìàññèâ JA äëèíû NNZ. Ýòî öåëûé ìàññèâ, ñîäåðæàùèé
íîìåðà ñòîëáöîâ äëÿ êàæäîãî ýëåìåíòà ìàññèâà A.
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Â çàâèñèìîñòè îò òîãî, êàê çàïèñûâàþòñÿ íîìåðà ñòîëáöîâ â
ìàññèâå JA, ïî ïîðÿäêó èëè íåò, ðàçëè÷àþò óïîðÿäî÷åííîå è
íåóïîðÿäî÷åííîå ïðåäñòàâëåíèÿ, ñîîòâåòñòâåííî.
Íåóïîðÿäî÷åííûå ïðåäñòàâëåíèÿ íóæíû äëÿ àëãîðèòìè÷åñêîãî
óäîáñòâà.
Ðåçóëüòàò ìàòðè÷íûõ îïåðàöèé � íåóïîðÿäî÷åííîå
ïðåäñòàâëåíèå, åãî óïîðÿäî÷åíèå òðåáóåò äîïîëíèòåëüíîãî
âðåìåíè, íî áîëüøèíñòâî àëãîðèòìîâ íå òðåáóåò
óïîðÿäî÷åííîñòè ïðåäñòàâëåíèÿ.
Èíîãäà äëÿ ïðåäñòàâëåíèÿ ðàçðåæåííûõ ìàòðèö èñïîëüçóåòñÿ
ðàçðåæåííûé ñòîëáöîâûé ôîðìàò (ÐÑòÔ), êîòîðûé
êîíñòðóèðóåòñÿ àíàëîãè÷íî ÐÑÔ.
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Óìíîæåíèå ìàòðèöû â ôîðìàòå ÐÑÔ íà âåêòîð

y = A · x

Óìíîæåíèå ìàòðèöû â ñòàíäàðòíîì ôîðìàòå:

y(i) =
N∑
j=1

A(i , j) x(j)

Óìíîæåíèå ìàòðèöû â ÐÑÔ

y(i) =

IA[i+1]−1∑
j=IA[i ]

A[j ] x(JA[j ])
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×èñëî îáóñëîâëåííîñòè ìàòðèöû

Òî÷íîñòü ðåøåíèÿ ñèñòåìû ëèíåéíûõ óðàâíåíèé è ñêîðîñòü
ñõîäèìîñòè èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ çàâèñèò îò ÷èñëà
îáóñëîâëåííîñòè ìàòðèöû.
Îïðåäåëåíèå: ×èñëî îáóñëîâëåííîñòè. Ïóñòü çàäàíà îáðàòèìàÿ

ìàòðèöà S ðàçìåðíîñòè N. Òîãäà

κ(S) = ||S || ||S−1||,

ãäå ||.|| � íåêîòîðàÿ ìàòðè÷íàÿ íîðìà, íàçûâàåòñÿ ÷èñëîì

îáóñëîâëåííîñòè ìàòðèöû S ïî îòíîøåíèþ ê íîðìå ||.||.
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×èñëî îáóñëîâëåííîñòè ìàòðèöû

Äëÿ âû÷èñëåíèÿ ÷èñëà îáóñëîâëåííîñòè ìîæíî èñïîëüçîâàòü,
íàïðèìåð, ñïåêòðàëüíóþ íîðìó:

||S ||∗ = max
x 6=0

||Sx ||
||x ||

,

ãäå ||Sx || � Ýâêëèäîâà íîðìà âåêòîðà.
Ñïåêòðàëüíîå ÷èñëî îáóñëîâëåííîñòè,

κ∗(S) = ||S ||∗ ||S−1||∗ =
maxλ∈σ(S) |λ|
minλ∈σ(S) |λ|

,

îáëàäàåò ñëåäóþùèì ìèíèìàëüíûì ñâîéñòâîì:

1 ≤ κ∗(S) ≤ κ(S),

ãäå κ(S) � ÷èñëî îáóñëîâëåííîñòè äëÿ ëþáîé äðóãîé íîðìû.
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×èñëî îáóñëîâëåííîñòè ìàòðèöû

Ñëåäóþùèå ïàðàìåòðû ÌÊÝ ñóùåñòâåííî âëèÿþò íà ÷èñëî
îáóñëîâëåííîñòè ãëîáàëüíîé ìàòðèöû:

äèñêðåòèçîâàííûé äèôôåðåíöèàëüíûé îïåðàòîð,

êà÷åñòâî ïîñòðîåííîé òðèàíãóëÿöèè îáëàñòè,

âûáîð áàçèñíûõ ôóíêöèé.
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Ïðÿìûå è èòåðàöèîííûå ìåòîäû ðåøåíèÿ ÑËÀÓ

Ðåøàåì ñèñòåìó
Ax = b.

1. Ïðÿìûå ìåòîäû:
x = A−1b.

Äîñòîèíñòâà:
� ãàðàíòèðîâàííûé ðåçóëüòàò.
� èçâåñòíîå âðåìÿ âû÷èñëåíèé, íåçàâèñèìîå îò çíà÷åíèé
ýëåìåíòîâ ìàòðèöû.
Íåäîñòàòêè:
� áîëüøèå òðåáîâàíèÿ ê ïàìÿòè è âðåìåíè.

(ÑÏáÃÓ) Òåîðîñíîâû êîìïüþòåðíîãî ìîäåëèðîâàíèÿ 24 ìàÿ 2016 10 / 21



Ïðÿìûå è èòåðàöèîííûå ìåòîäû ðåøåíèÿ ÑËÀÓ

2. Èòåðàöèîííûå ìåòîäû:

x (0), x (1), x (2) .... òàêèå ÷òî lim
i→∞

x (i) = x .

Äîñòîèíñòâà:
� ìàëûå òðåáîâàíèÿ ê ïàìÿòè.
Íåäîñòàòêè:
� âîçìîæíûå ïðîáëåìû ñî ñõîäèìîñòüþ (ìåäëåííàÿ èëè åå
îòñóòñòâèå).
� çàâèñèìîñòü âû÷èñëåíèé îò çíà÷åíèé ìàòðèöû è ïðàâîé ÷àñòè.
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Ïðÿìûå ìåòîäû äëÿ çàïîëíåííûõ ìàòðèö

Âîçìîæíî, íåîáõîäèìû ïåðåñòàíîâêè.
Ìåòîä Ãàóññà, LU-ðàçëîæåíèå:

A = LU , (1)

ãäå

L =


1 0 · · · 0
L21 1 · · · 0
...

. . .
...

Ln1 Ln2 · · · 1

 , U =


U11 U12 · · · U1n

0 U22 · · · U2n
...

. . .
...

0 0 · · · Unn


Ðåøåíèå óðàâíåíèÿ (1) � äâå ïîäñòàíîâêè:

Ly = b, Ux = y .
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Ïðÿìûå ìåòîäû äëÿ çàïîëíåííûõ ìàòðèö

y1 = b1, yi = bi −
i−1∑
j=1

Lijyj , i = 2 . . . n,

xn =
yn
Unn

, xi =
1

Uii

(
yi −

n∑
j=i+1

Uijxj

)
, i = n − 2 . . . 1.

Êîë-âî îïåðàöèé äëÿ ôàêòîðèçàöèè ∼ N3.
Êîë-âî îïåðàöèé äëÿ ðåøåíèÿ ÑËÀÓ ∼ N2.

LDL>-ðàçëîæåíèå (òðîéíàÿ ôàêòîðèçàöèÿ):

A = LDU

åñëè A-ñèììåòðè÷íàÿ, òî

A = LDL>
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Ïðÿìûå ìåòîäû äëÿ ðàçðåæåííûõ ìàòðèö

Ïåðåñòàíîâêà ñòðîê/ñòîëáöîâ � ìàòðèöû ïåðåñòàíîâîê:

PAQ Q>x = Py .

Ïðîñòåéøèé ñëó÷àé: ëåíòî÷íûé ìåòîä
Ëåíòî÷íàÿ ìàòðèöà: øèðèíà ëåíòû

β(A) = max{|i − j | : aij 6= 0}.

Ëåíòà:
Band(A) = {{i , j} : 0 ≤ |i − j | ≤ β(A)}.

Õðàíåíèå: ïî ñòîëáöàì â ïðÿìîóãîëüíîì ìàññèâå ñ ðàçìåðàìè:
N × (2β(A) + 1).
×èñëî îïåðàöèé äëÿ ðàçëîæåíèÿ ìàòðèöû: ∼ β2N .
×èñëî îïåðàöèé äëÿ ðåøåíèÿ ñèñòåìû: ∼ βN .
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Ïðÿìûå ìåòîäû äëÿ ðàçðåæåííûõ ìàòðèö

Ïðîôèëüíûé ìåòîä:
Îïðåäåëèì

fi = min{j : aij 6= 0}, βi(A) = i − fi(A).

Îáîëî÷êà A:

Env(A) = {{i , j} : 0 < i − j ≤ βi(A)}.

Ïðîôèëü A:

|Env(A)| =
N∑
i=1

βi(A).

×èñëî îïåðàöèé äëÿ ðàçëîæåíèÿ ìàòðèöû: ∼
∑N

i=1 β
2
i (A).

×èñëî îïåðàöèé äëÿ ðåøåíèÿ ñèñòåìû: ∼ |Env(A)|.
Íóæåí àëãîðèòì óïîðÿäî÷åíèÿ, óìåíüøàþùèé ïðîôèëü. (ìåòîäû
òåîðèè ãðàôîâ).
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Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ñèñòåì

Âûáèðàåì x0 è ñòðîèì

xk+1 = xk + Hk(b − Axk). (2)

Ðàçëè÷íûå ìàòðèöû Hk � ðàçëè÷íûå èòåðàöèîííûå ïðîöåññû.
Òî÷íîå ðåøåíèå - íåïîäâèæíàÿ òî÷êà (2).
Ïðèáëèæåíèå ê ðåøåíèþ îöåíèâàþò ïî íåâÿçêå:

rk = b − Axk .

Ñòàöèîíàðíûå ïðîöåññû: Hk = H íå çàâèñèò îò k .
Ýêâèâàëåíòåí ðåøåíèþ ñèñòåìû

HAx = Hb,

ñèììåòðè÷íûé âàðèàíò:

HAH>y = Hb, H>y = x .
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Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ñèñòåì

Ñõîäèìîñòü ìåòîäà: íåîáõîäèìî è äîñòàòî÷íî

Tk = (I − HkA)(I − Hk−1A) . . . (I − H1A)→ 0 ïðè k →∞.

Â ñòàöèîíàðíîì ñëó÷àå

||I − HA|| < 1.

Äëÿ ñòàöèîíàðíîãî ñëó÷àÿ:

||B || = max
i
|λi(B)|.
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Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ñèñòåì

Åñëè A � ïîëîæèòåëüíî îïðåäåëåíà, ïóñòü ||A|| = β,

H = τ I ,

0 < τ < min
n

2

λn
=

2

β
.

xk+1 = (I − τA)xk + τb = Bxk + g .

Ñîáñòâåííûå çíà÷åíèÿ B - â (-1,1) - ïðîöåññ ñõîäèòñÿ.

τopt = 2/(α + β), α = min
n
λn.
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Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ñèñòåì

Ñêîðîñòü ñõîäèìîñòè

qopt =
β − α
β + α

=
κ− 1

κ+ 1
,

ãäå κ = κ∗(A) = β/α � ÷èñëî îáóñëîâëåííîñòè.
×èñëî èòåðàöèé Niter

Niter ∼
1

− ln q
.

Ïðè κ� 1, Niter ∼ κ.
Äëÿ çàäà÷è Äèðèõëå (Íåéìàíà): β ∼ N2

DOF .
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Èòåðàöèîííûå àëãîðèòìû ðåøåíèÿ ñèñòåì

Ìåòîä ßêîáè

ìåòîä Ãàóññà-Çåéäåëÿ

ìåòîä ïîñëåäîâàòåëüíîé âåðõíåé ðåëàêñàöèè (SOR)

ãðàäèåíòíûå ìåòîäû: ìåòîä íàèñêîðåéøåãî ñïóñêà,
ìåòîä ñîïðÿæ¼ííûõ ãðàäèåíòîâ

ìóëüòèñåòî÷íûå ìåòîäû (MG, AMG, ...)

...
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×åáûøåâñêèé èòåðàöèîííûé ïðîöåññ

Hk = τk I .

Çàäà÷à � îïòèìàëüíûé âûáîð τk .
Ðàññìàòðèâàåì öèêëè÷åñêèé ïðîöåññ äëèíû s (τk+s = τk), òîãäà

τk = 1/λσk
, k = 1, ..., s,

ãäå
λi = (1/2)[(β + α)− (β − α)xi ], k = 1, ..., s,

xi � êîðíè ïîëèíîìà ×åáûøåâà

Ts(x) = cos(s arccos(x)),

α, β � ãðàíèöû ñïåêòðà A, σk � ïåðåñòàíîâêà ïîðÿäêà s.
Îïòèìàëüíûé âûáîð:

s ∼
√
κ, òîãäà Niter ∼

√
κ.
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