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Óðàâíåíèÿ òåîðèè óïðóãîñòè

Ïóñòü Ω � îãðàíè÷åííîå îòêðûòîå ñâÿçíîå ïîäìíîæåñòâî R3.
Ãðàíèöà Γ = Γ0(Äèðèõëå) + Γ1(Íåéìàí).
Îïðåäåëèì ïðîñòðàíñòâà âåêòîð-ôóíêöèé (ñìåùåíèÿ):

V = U =
{
~v = (v1, v2, v3) ∈ (H1(Ω))3; vi = 0 íà Γ0, i = 1, 2, 3.

}
.

Íîðìà äëÿ ~v = (v1, v2, v3): ||~v ||1,Ω =
(∑3

i=1 ||vi ||21,Ω
)1/2

.

Ââåäåì òåíçîð äåôîðìàöèè:

εij(~v) = εji(~v) =
1

2
(∂jvi + ∂ivj) , 1 ≤ i , j ≤ 3.

Îïðåäåëèì òåíçîð íàïðÿæåíèé:

σij = σji = λ

(
3∑

k=1

εkk(~v)

)
δij + 2µεij(~v), 1 ≤ i , j ≤ 3.

λ > 0, µ > 0 � êîýôôèöèåíòû Ëàìý.
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Óðàâíåíèÿ òåîðèè óïðóãîñòè

Îïðåäåëèì áèëèíåéíóþ ôîðìó:

a(~u,~v) =

∫
Ω

 3∑
i,j=1

σij(~u)εij(~v)

dx =

=

∫
Ω

λ div ~u div ~v + 2µ
3∑

i,j=1

εij(~u)εij(~v)

dx.

Ëèíåéíàÿ ôîðìà:

f(~v) =

∫
Ω

~f ·~vdx+

∫
Γ1

~g ·~vdγ =

∫
Ω

3∑
i=1

fividx+

∫
Γ1

3∑
i=1

figidγ.

Âåêòîð-ôóíêöèè:
~f = (f1, f2, f3) ∈ (L2(Ω))3, ~g = (g1,g2,g3) ∈ (L2(Γ1))3.
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Óðàâíåíèÿ òåîðèè óïðóãîñòè

Ôîðìû a(~u, ~v) è f (~v) � îãðàíè÷åíû.
Ôîðìà a(~u, ~v) � V-ýëëèïòè÷íà (äîê-âî îñíîâàíî íà íåðàâåíñòâå
Êîðíà.)

Àíàëîãè÷íî ñêàëÿðíîìó âàðèàíòó:
Ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷:
1) Çàäà÷è ìèíèìèçàöèè: íàéòè ìèíèìóì ýíåðãèè

J(~v) =
1

2
a(~v,~v)− f(~v).

2) Âàðèàöèîííîé çàäà÷è (ïðèíöèï âîçìîæíûõ ïåðåìåùåíèé):
íàéòè ~u ∈ U òàêóþ, ÷òî ∀~v ∈ V

a(~u,~v) = f(~v).
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Óðàâíåíèÿ òåîðèè óïðóãîñòè

Èñïîëüçóÿ ôîðìóëû Ãðèíà, ìîæíî íàéòè ñîîòâåòñòâóþùóþ
êðàåâóþ çàäà÷ó:

µ∆~u− (λ + µ) grad div ~u =~f â Ω

~u = 0 íà Γ0

3∑
j=1

σij(~u)νj = gi íà Γ1, i = 1, 2, 3.

Ýòî ñèñòåìà óðàâíåíèé ëèíåéíîé òåîðèè óïðóãîñòè.

Ìàëàÿ òîëùèíà → ôèçè÷åñêèå ïðåäïîëîæåíèÿ î ïîâåäåíèè
ôóíêöèé è ñâîéñòâ → èíòåãðèðîâàíèå ýíåðãèè ïî òîëùèíå.
Èòîã: äâå ïåðåìåííûå è 1 ôóíêöèÿ (âåðòèêàëüíîå ïåðåìåùåíèå).
Áèãàðìîíè÷åñêàÿ çàäà÷à äëÿ ýòîé ñêàëÿðíîé ôóíêöèè.
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Áèãàðìîíè÷åñêàÿ çàäà÷à

V = U = H2
0 (Ω)

a(u, v) =

∫
Ω

∆u(x)∆v(x)dx

f (v) =

∫
Ω

f (x)v(x)dx , f ∈ L2(Ω).

Ôîðìû îãðàíè÷åíû, a(u, v) � H2
0 (Ω)-ýëëèïòè÷íà.

Çàäà÷à ìèíèìèçàöèè:

J : v → J(v) =
1

2

∫
Ω

|∆v(x)|2dx −
∫

Ω

f (x)v(x)dx .

Âàðèàöèîííàÿ çàäà÷à:

∀v ∈ H2
0 (Ω) :

∫
Ω

∆u(x)∆v(x)dx =

∫
Ω

f (x)v(x)dx .
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Áèãàðìîíè÷åñêàÿ çàäà÷à

Îäíîðîäíàÿ çàäà÷à Äèðèõëå:

∆2u(x) = f (x) â Ω

u(x) = ∂νu(x) = 0 íà Γ.
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Çàäà÷à î (çàêðåïëåííîé) ïëàñòèíå

Ïëàñòèíà ïîñòîÿííîé òîëùèíû ïîä äåéñòâèåì ïîïåðå÷íîé ñèëû:

V = U = H2
0 (Ω)

a(u, v) =

∫
Ω

(∆u(x)∆v(x)+

+(1− σ)(2∂12u∂12v − ∂11u∂22v − ∂22u∂11v)) dx

f (v) =

∫
Ω

f (x)v(x)dx , f ∈ L2(Ω).

σ � êîýôôèöèåíò Ïóàññîíà.
Âíîâü âûïîëíåíû óñëîâèÿ ÀÇÌ è ÀÂÇ.

Äèôôåðåíöèàëüíîå óðàâíåíèå: ïîëó÷àåòñÿ ÒÀ ÆÅ îäíîðîäíàÿ
çàäà÷à Äèðèõëå.
Êðàåâàÿ çàäà÷à è âàðèàöèîííàÿ çàäà÷à: íåò
âçàèìíî-îäíîçíà÷íîãî ñîîòâåòñòâèÿ (òîëüêî â H2

0 (Ω)).

(ÑÏáÃÓ) Òåîðîñíîâû êîìïüþòåðíîãî ìîäåëèðîâàíèÿ 10 ìàÿ 2016 8 / 11



Çàäà÷à î (çàêðåïëåííîé) ïëàñòèíå

Ïëàñòèíà ïîñòîÿííîé òîëùèíû ïîä äåéñòâèåì ïîïåðå÷íîé ñèëû:

V = U = H2
0 (Ω)

a(u, v) =

∫
Ω

(∆u(x)∆v(x)+

+(1− σ)(2∂12u∂12v − ∂11u∂22v − ∂22u∂11v)) dx

f (v) =

∫
Ω

f (x)v(x)dx , f ∈ L2(Ω).

σ � êîýôôèöèåíò Ïóàññîíà.
Âíîâü âûïîëíåíû óñëîâèÿ ÀÇÌ è ÀÂÇ.
Äèôôåðåíöèàëüíîå óðàâíåíèå: ïîëó÷àåòñÿ ÒÀ ÆÅ îäíîðîäíàÿ
çàäà÷à Äèðèõëå.
Êðàåâàÿ çàäà÷à è âàðèàöèîííàÿ çàäà÷à: íåò
âçàèìíî-îäíîçíà÷íîãî ñîîòâåòñòâèÿ (òîëüêî â H2

0 (Ω)).
(ÑÏáÃÓ) Òåîðîñíîâû êîìïüþòåðíîãî ìîäåëèðîâàíèÿ 10 ìàÿ 2016 8 / 11



Áèãàðìîíè÷åñêàÿ çàäà÷à â R1

V = U = H2
0([a,b])

a(u, v) =

∫
[a,b]

u′′(x)v′′(x)dx

f(v) =

∫
[a,b]

f(x)v(x)dx, f ∈ L2([a,b]).

Âàðèàöèîííàÿ çàäà÷à:

∀v ∈ H2
0([a,b]) :

∫
[a,b]

u′′(x)v′′(x)dx =

∫
[a,b]

f(x)v(x)dx.
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Áèãàðìîíè÷åñêàÿ çàäà÷à â R1

Ïðè ïåðåõîäå îò ýëåìåíòà ê ýëåìåíòó:
òðåáóåòñÿ íåïðåðûâíîñòü ôóíêöèè È ïðîèçâîäíîé.
Íà êàíîíè÷åñêîì ýëåìåíòå ìèíèìàëüíî íåîáõîäèìû 4 ôóíêöèè.
{p(−1),p(1),p′(−1),p′(1)} = 0,1 (òîëüêî îäíà 1).

p(ξ) = a0 + a1ξ + a2ξ
2 + a3ξ

3 = (1, ξ, ξ2, ξ3) · (a0, a1, a2, a3)T.

Íàïðèìåð, p1(ξ): p1(−1) = 1, îñòàëüíûå çíà÷åíèÿ =0.
1 −1 1 −1
1 1 1 1
0 1 −2 3
0 1 2 3




a0
a1
a2
a3

 =


1
0
0
0

 .
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Áèãàðìîíè÷åñêàÿ çàäà÷à â R1

Äðóãîé ñïîñîá:
p1(ξ) = (ξ − 1)2(Aξ + B).

p1(−1) = 4(−A + B) = 1,

p′
1(−1) = 4A− 4(−A + B) = 8A− 4B = 0.

Òîãäà B = 2A, A = 1/4, B = 2/4.

p1(ξ) = (ξ − 1)2
ξ + 2

4
.

Àíàëîãè÷íî,

p3(ξ) = (ξ − 1)2
ξ + 1

4
.

Èåðàðõè÷åñêèå ôóíêöèè áîëåå âûñîêèõ ñòåïåíåé:

p4+i(ξ) = (ξ − 1)2(ξ + 1)2ri(ξ) = (ξ2 − 1)2ri(ξ), deg ri(ξ) = i.
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