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Lecture 1

Introduction and
Preliminaries

1.1 The Basic Problem

For a given n x n matrix A, the eigenvalue problem is to find a scalar A, called
an eigenvalue of A, and a vector x, called an eigenvector corresponding to
the eigenvalue A, such that

Ax = Ax. (1.1)

We may refer to the pair (\,x) as an eigenpair. The matrix A may be real
or complex, and have other properties which we will discuss at length.

It is not clear when the matrix eigenvalue problem first arose, but it is
likely that it originated in the study of a continuous problem, the motion of
a vibrating string. The word “eigenvalue” is a corruption of a German word.
Eigenvalues are also known as proper values, characteristic roots, as well as
other terms.

Example A simple example that illustrates the importance of eigenvalues
is the system of ordinary differential equations

y'(t) = Ay, (1.2)
with initial conditions
y(0) = yo- (1.3)
If Az = Az, then
y(t) = aeM'z,

where a is an arbitrary constant, satisfies the system (1.2). Of course, we
need to satisfy the initial conditions (1.3), and in order to do so, we need to
take a linear combination of all eigenvectors of A. [J

Now, from (1.1), we have
(A—X)x =0,
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so that a solution exists if and only if
det(A —AI) =0.
Now,
det(A — M) = (a11 — N)(az2 — A) ... (ann — A) + other terms (1.4)

where the other terms are polynomials in A of degree < n. Since [[; (a;—\)
is a polynomial of degree n,

det(A — AI) = polynomial of degree < n.

Note that by the classical expansion of the determinant, the other terms in
(1.4) are of degree < n. Hence

(=) det(A = A = X"+ A" 4 e A = on(N) (1.5)

This polynomial (1.5) is known as the characteristic polynomial.
Now, it is easy to see from (1.4) that

o= —Zan’ = —Z&'
=1 ;
e, tr(A) = > A (1.6)

This relationship (1.6) is very useful, and is often used. In partcular, if all
the eigenvalues of a matrix are desired, it can provide a quick check to see
if the computed eigenvalues are reasonable.

Since det(A — AI) = polynomial of degree n, we have immediately that
every n X n matrix has n eigenvalues. Furthermore, since the coefficients of
the characteristic polynomial are functions of the elements of A, the eigenval-
ues are a continuous function of the elements of the matrix. Note also, that
if A is real, then the eigenvalues must be real or occur in complex conjugate
pairs.

The Cayley-Hamilton Theorem states that every matrix satisfies its char-
acteristic polynomial. There are many algorithms that make use of this nice
property, for example consider the Krylov vector sequence

m=mn m=An m=A, ... 9=A"

where 7 is an arbitrary vector of length n and A is an n x n matrix. Then,
(A =A"n+ 1AV "+ + 1 An+ e =0

which is equivalent to

CiMn—1 + C2Mp—2 + -+ Mo = —"n
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or in matrix form

Be = —np,
where
C1
C2
B:[T]n—l n—2 -+ 770]7 ¢ =
Cn

By solving this linear system we get the characteristic polynomial of A.
Notice, however, that 7 must lie in the space of all eigenvectors of A otherwise
B will be singular.

Another nice consequence of the Cayley-Hamilton Theorem is that A™
can be writen as a linear combination of the set of matrices A, A!,..., A"~1
and by simple induction it can be shown that the same is true for any integer
power of A. Since any analytic function of A has a power series extension,
the same holds for any analytic function of A as well. Notice in particular
that

ATl = —i(A"‘1 + e A" 4 ey ]).

Cn,

Obviously, the eigenvector is not unique, since if
Ax = Ax, A(ex) = Aex),

so cx is also an eigenvector of A if ¢ # 0. We usually impose the condition
that ||z||2 = 1, but this is not sufficient to guarantee uniqueness as multi-
plication of an eigenvector by e’ will produce another eigenvector with the
same norm. For this reason, the notion of different eigenvectors being lin-
early independent is generally assumed. The following theorem provides a
sufficient condition for this to be true.

Theorem 1.1. For an arbitrary n X n matriz A, if A has n distinct eigen-
values, then there are n linearly independent eigenvectors.

In general, there may be fewer than n eigenvectors. For example, if

2100
=Y

then det(A — A1) = (2 — A\)? and hence, A\; = Ay = 2. But, since
rank(A —2I) =1,
there is only one eigenvector, x = e; = [ 10 ]T.
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1.2 Well Known Example

A well known example that is of interest is the matrix

o1 o0 ... 0
0 0 1

A= 0
: 1
—0 0—

Since det(A — AI) = (=A\)", \; =0 for i = 1,2,...,n. But, rank(A — \I) =
(n — 1). Notice that the (n — 1) x (n — 1) upper corner of A is the identity
matrix. Thus, x = ey is the only eigenvector of this matrix.

Now, consider

o1 0 ... 0
00 1
Ae) = 0
1
e 0 . 0

det(A(e) — M) = (—=\)" + (=1)"Le.
So, At —e =0,
INi| = lelw fori=1,2,..,n.

Since we have n distinct eigenvalues, we therefore have n eigenvectors. Note
also that if n = 10, and ¢ = 1071°, then

I\i| = 0.1.

Thus, a small perturbation in a (non-symmetric) matrix can cause a large
(relative) perturbation in the eigenvalues. This is an example of a matrix
that is ill-conditioned with regards to estimation (computation) of eigenval-
ues. We shall discuss this concept in greater detail later.

1.3 Useful Properties

We will need some other relationships in developing algorithms for comput-
ing eigenvalues. Some of these are:

1. If Ax = Ax, then
(A+al)x = (A + a)x.



2. A%x = A(Ax) = A\(Ax) = A\®>x and
AFx = \ex,

3. Let P(A) = A™(apA* + a1 AF=1 .. + oy ) where a; are scalars, and
m may be negative. If Py(A)x = ux, then

= A"\ + a N ag) = pe(N).

Similarly, Py(A)x = pr(M\)x, and if F' is an analytic function, F'(A)x =
f(A)x where f is a “scalar version” of F.

We can often reconstruct the eigenvalues from py(A). But there can be
difficulties. Suppose A has +\ and —\ as eigenvalues. Then A? has
the eigenvalues A2 (twice). so, it may not be possible to compute the
eigenvalues and eigenvectors from A2.

2 0
1)
A has eigenpairs (4+2,e1) and (—2,e3), whereas for A%, \| = Ay = 4
and z; = ae; + e and xy = ye; + des for any «, 3,7, and ¢ provided

For example, consider

a f
* 0

4. If B = Q7 'AQ, then By = )y i.e., B has the same eigenvalues as A,
and x = QQy. We say that B is similarto A, and call the transformation
A — Q7TAQ a similarity transformation of A.

5. If A is real, then

u—+1

AR =A%, X=1-1

<

Ax = x, X

'<I

where u and v are real valued. That is to say, if (\,x) is an eigenpair,
then the complex conjugate of that eigenpair is also an eigenpair.

1.4 Spectral Decomposition

Let A have distinct eigenvalues and let X be the matrix whose columns are
eigenvectors of A.
AX = A[ﬂj‘l, Ly eeey l’n]
= [Mx1, Aoz, oy Ap )
= XA



where A = diag(A1, Ag, ..., Ay ). Therefore, by theorem 1.1:

A=XAX"1t|

This decomposition is referred to as the spectral decomposition of A, and any
such A is called diagonalizable.
1.5 More Examples and Applications

1. Suppose A has n linearly independent eigenvectors. Then:

A% = XAX L. XAXT!
= XA?Xx!

Ak = x AR X1

and,

Pu(A) = XP(A)X~!
F(A) = XF(A)X !
if F'is an analytic function. One should note that these are not unique

factorizations since the eigenvectors which comprise the columns of X
are not unique.

2. If |\;| < 1for i =1,...,n, then A* — 0 as k — oo.

3. Consider the following system of linear differential equations (assume
that A is diagonalizable):

y'™) = Ay(x)  with  y(0)=y©.

Now if A = QAQT,

Thus, if:



or

() = & ()
A1z
. Aox 0
e
y(z) = Q Qly®
0
e)\n:c
= eAxy(O).

Hence, if Real()\;) < 0 for i = 1,...,n, then

y(x) —0 as T — 0.

The matrix e is referred to as the matriz exponential. Recall that e

can be represented as a polynomial in A.

1.6 Jordan Canonical Form

Of course, the situation becomes more complicated when A cannot be diag-
onalized. Then

A=QJQ™,
J1
Jo 0
J =
0
Jr
with
N1
0
J; = .
0

i Mg XNy
Note that rank(J; — A\;I) = (n; — 1) so there is only one eigenvector that
corresponds to A;. This decomposition is known as Jordan Canonical Form,
or JCF.



Obviously,

Ak — QJkQ—l
Kk
Jq . 0
Js .
=Q Q
0 Jh
N1 k
0
Jk =
‘ 1
0 A
MN; XNy
= (NI + Kp)F
where
0 1
0
K; = )
0 0
Mg XNy

Then, (AT + K;)F = S2F (k))\fo_p, noting that

p=0 \p
0 0 1 ]
0
K} = 1
0 0
- O—
[ ¢ diags i
—
0 ... 0 1 0
q<n;: Kl = 1
0
0 }
i 0

And as a result of the Cayley-Hamilton Theorem, if ¢ > n;, K = 0. Notice
that raising K; to the ¢"* power moves the 1’s into the ¢** diagonal, if we
call the principal diagonal the 0" diagonal as in MATLAB.
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Thus for k& > n;,

2

AN N

Jk =

)

Ak

v d n;Xn;
Here again, we note that when |)\;| <1 fori=1,...,n,
AF - o as k — oo.

But, convergence may be quite slow. For example:

110
1

2
1
i
21
1073 1072
| 0 10_3]’
As you can see from our exmple in §1.2, a small perturbation, such as
A — A(e) can greatly affect the Jordan Canonical Form. The JCF of A is
given by A = I Al (at least, this is one possibile form), but the JCF of A(e)

is greatly different since J for this matrix is diagonal. For this reason, the
Jordan Canonical Form is considered unstable.

A=

[e=]

T 1T 1
Ol\%|>—t O N
E
=
ol

~
~

1.7 Schur Decomposition

There are other decompositions which will play a major role in our studies.
One such decomposition is the Schur Decomposition. A rather uninsightful
proof of this decomposition is as follows: Let A = QJQ~! be the Jordan
Canonical Form of A, and let Q = UT be the QR~factorization of @ (hence
U*U = I and T is upper triangular). Then:

A=UTJT 'U*
X X oo X Ji w x e X
0 .
X Jo X
—U Ur
0 x 0 0 x
X JT X
— URU",

where R is upper triangular. Note, we shall use x to denote elements of a
matrix that do not hold important values. This shorthand is quite useful for
describing sparsity patterns.

Later, we shall give a more constructive proof of the Schur Decomposi-
tion.






Lecture 2

More Decompositions

2.1 Constructing the Schur Decomposition

We now give a more constructive proof that every matrix A has a Schur

Decomposition
A=UTU" (2.1)

where U is a unitary matrix, T is an upper triangular matrix, and the
diagonal elements of T are the eigenvalues of A.

Suppose that we have computed an eigenvector x; with ||x; |2 = 1, whose
first element, 1, is real and non-negative. Now we can construct a House-
holder Matrix, P() = I — 2ujuf with |ju;|j2 = 1, such that

P(I)Xl = e
1 — 2fuq |?
-9 77
x; = PWe = Pley = [ o
—2u,uy

1
lug|? = 5(1 —T1).

If ;= pew, we will renormalize x; so that x; := e x;. Hence,

1
lug|? = 5(1—P)
_ %
’Uj = 2,&1

Note that Householder matrices also satisfy P = P* and PP* = P*P = [.
It is important to note that we would not formally store P, but rather we
would store u and perform the matrix-vector multiply, Pz, according to
z — 2(u*z)u. The computational cost of this matrix-vector multiplier is also
reduced from O (n?) scalar multiplies to O (2n) multiplies.
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The next step in the construction of the Schur Decomposition is the
application of a similarity transformation using P().

A@ — p()x 4 pM)

- P(l)*A[Xh p2,... apn]

= P(l)* [Axlv AP27 s aApn]
_X’f
P5

= . [)\X17 Ap27 AR Apn]
P,
B x;Ap2 xiApn
0 p3Ap2 P3Apy,
10 p;Ap2 P,APn
i X X
oy
_O a%) ... (151272

C[x xT

o A®
Since we used a similarity transformation to construct A, the eigenvalues
of A® equal those of A. Furthermore, \ is an eigenvalue of A and A, hence

the remaining eigenvalues of A must be the eigenvalues of A®  In addition,
A® must have at least one eigenvector. So, we can repeat this process then

OT
p@)] :

This is an example of a technique known as deflation wherein one gradu-
ally reduces the dimensionality of the problem being solved. Ultimately, this
process constructs the Schur Decomposition if the matrix has n eigenvectors
as follows:

acting only on A®. The new P® will be of the form [(1)

)\1 X X
A | ~R
0 X
An
_ P(n—l)*A(n—l)P(n—l)
_ P(n—l)*P(n—2)* o P(l)*AP(l) o P(n—Z)P(n—l)
= Q"AQ
- A=QRQ*

12



This construction has been shown to have very good numerical stability
properties.

2.2 Normal Matrices and Departure from Normal-
ity

If A= A* then R is a diagonal matrix. Furthermore, if A is symmetric,

A = QAQT, where A = diag(A1,...,\), and QTQ = QQT = I. This is a

special case of normal matrices. A matrix is said to be normal if AA* = A*A.

Matrices which are real and symmetric, skew-symmetric (A = —A”), orthog-

onal, or hermitian, are other examples of normal matrices. But, complex

symmetric matrices are not normal.
If A is normal,

A=QDQ"
where Q*Q = I, and D = diag(A1, ..., \n)-
The Schur decomposition gives

A=QTQ*

where T'= D + N, D is the diagonal part of T, and NV is the strictly upper
triangular part. Thus,

JAIE = lai;?
i
= |TI% = D% + N7
A(A) = ||N[ = [|AlE — ID]7
= A7 =D P

=< Departure from Normality >

2.3 Murgnahan-Wintner Form

An eigenvector defines a one-dimensional subspace of C". More generally, a
subspace & C C™ with the property

xes$ = Ax e S
is said to be an invariant subspace for A. Thus if
AX=XB X eCvk, B e Ck*k
then span(X) is invariant and

By = )\y =
A(Xy) = XBy = \Xy.

13



So, if X has full column rank, then AX = XB implies A(B) C \(A) (i.e.,
each eigenvalue of B is an eigenvalue of A). Thus, if we know an invariant
subspace (that is spanned by X), then we can reduce our search for eigen-
values of A to those of the smaller matrix B, then continue to look in a
different subspace for the remaining eigenvalues.

Now, assume that X has full rank, and AX = X B:

X=Q []21] , QeCV R eCr?
of]e[3]r
caalt] -]
QTAQ = T To
/[i)-[1]:

TRy = R1B
T51R1 =0="1T5 =0.

Note, the eigenvalues of T' are those of A, and since X has full rank, R has
full rank, and the conclusion on T5; follows. Hence,

N VAT RNAT

One can verify that
/\(A) = >\(T11) U /\(TQQ)

This is a generalization of the Schur Theorem.

Suppose that A is real. Then if A = a+i(3 is an eigenvalue (where 3 # 0),
A = o — if3 is also an eigenvalue. Furthermore, x = u + v is an eigenvector
that corresponds with A, and X = u — iv is an eigenvector that corresponds
with A\. Thus X = [u, v] is an invariant subspace since:

Alu,v] [1 _12] = [u,v] [1 —ﬂ B g}
Alu,v] = [u,v]B

e I A R

14



If A is a real matrix, we can construct a real  and T so that

Tvi X X
o
TAQ = T,
Q" AQ = k,k X
tok+1,2k+1
0 X
L tn7n_

where T; ; is a real 2 x 2 matrix, with complex eigenvalues. This is different
than the Schur Form in that a quasi-upper triangular matrix is constructed
(“quasi” in that there are 2 x 2 dense blocks along the diagonal). This is
called the Murgnahan- Wintner Form.

2.4 Singular Value Decomposition

A = UxXvr
mXn
m>n

is the Singular Value Decomposition, where

U*U = [mxrm V*V = [nxru

mXxXn

each o; is real, and 09 > 09 > -+ > g, > 0. Other forms also exist with
related properties.

rank(A) =< number of singular values which are non-zero > .
Note:

AA* =UEV*VEU"

=UXY*U*
o? 0

—U 0 U*
0 o2

mXxXm



Thus, the columns of U are the eigenvectors of AA*. Similarly, the columns
of V are the eigenvectors of A*A, and O'Z-2 are the eigenvalues of A*A.
Let

A=

o O O
o O =
o = O

rank(A) =2, and \; =0 for i = 1,2,3. But:
0 0 0]f[0 1 O 0 0 0
ATA=11 0 0ol |0 0 1|=1{0 1 0O,
0 1 0]]0 0 O 0 01

so 01 = 03 = 1 and o3 = 0. Thus, the number of non-zero eigenvalues can
only provide a lower bound for the rank of the matrix, yet the number of
non-zero singular values tell us the rank.

Also,

1AIE = [USV* |7 = IS1F

=0l +o5+-+o2

n

A(4) = INE = (07 = NP,

i=1

The singular value decomposition also tells us how to construct a nearby
matrix of lower rank. Let A = UXV* =37, oyu;v; (i.e., express A as the
sum of r-rank 1 matrices). Find a matrix, B, such that rank(B) = k < r
and

|A — Bl||F = min.

It is easy to show that the answer to this problem is:
k
B=A; = Z o vy
i=1

and
|A—B|% =07y +--+o7.

A similar problem which is often of interest is the following;:
Given A where A = A+ FE and F represents the error in A, furthermore
|E|| < e is known. Find a matrix, B, of minimal rank such that:

”A—B”F <E.
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Lecture 3

More on SVD & Generation
of Eigenvalue Problems

3.1 SVD and the Matrix 2-Norm

The 2-norm of a matrix A can be bounded using the SVD as follows:

A = mae 1222
R Tl
B (7613 P
e N AT
Sy,
- vA0 Iyl
— max > i1 07Y;

yA0 \| 2 vf
§ g1.

However, this bound is achieved by setting y = e; (i.e., x = V). Thus,
[All2 = 01(A).

| - ||2 is sometimes called the spectral norm.

3.2 Canonical Correlation

Another useful application of the SVD is to describe the angle between two
spaces. Let Ay, xn and By,x,. Consider arbitrary vectors, x and y in the
range of A and B respectively (i.e., x = A and y = Bn). Then for a given
¢ and 7, the angle between x and y is defined as:

x"y]

cos(x,y) = ————.
&%) = Ikaly T

17



We can then define the angle between range(A) and range(B) as follows:

T
cos(4,B) = maxM
& [1xll2llyll2

o |€7AT B
= X
en [AE]] Bl

€7 AT By
X -
&n [I€l2llnll2

Let us suppose further that A and B have () R-decompositions

RTLXTL

(m—n)xn

Amxn = mem |:0

:| ; Bmxr = mem |:0 TTXT :|

(m—r)xr

Then,
B éT [RT OT} QTW |:€:| ,’7‘

" Jelold, {3l
g" I QTWH

~ gh Igll2([l2

where g = R¢ and h = T.
If we partition Q = [Qn Qm_n] and W = [WT Wm_r], then

(1, 0]Q™W m = QL W,.

Recall that the largest eigenvalue of a symmetric matrix can be obtained
using the Rayleigh Quotient:

T
A1(A) = max [x_ Ax]

0 [x[3

Similarly,

x" Ay < max JAXl2l¥ 2
xy#0 [Ix[2llyllz = =y [Ixll2]lyl2
| Ax[l2
x#£0  |x][2
= 01(A)

18



where the inequality is obtained by the Cauchy-Schwarz theorem. Further-
more, the upper bound is attainable by letting x be the first column of U
and y be the first column of V', and therefore

T A
01(A) = max u
xy7#0 [[x[[2]|y ]2

It follows that the angle between range(A) and range(B) is given by
cos(A, B) = o1 (QLW,) < 1.

In statistics, this calculation is also referred to as the canonical correlation
of A and B. This concept also rises in biomedical applications.

3.3 SVD and Jordan Canonical Form

One potential problem that arises when computing the Jordan Canonical
Form is that there is no a priori knowledge as to how many eigenvectors a
matrix has, or, in particular, how many eigenvectors correspond to a partic-
ular eigenvalue. The SVD can be used to obtain this information.

Suppose we know that A has an eigenvalue A\. Then the SVD of (A —\I)
tells us that

(A= XV =U.

Therefore, if
(A=X)v; =0

for j = (n—k+1),...,n, it follow that there are k eigenvectors corresponding
to the eigenvalue A, and the eigenvectors are {v;} for these same j. Further-
more, we can conclude that the Jordan canonical form of A has k blocks
corresponding to the eigenvalue .

3.4 The SVD and Least Squares

Finally, the SVD can be used for solving linear least squares problems. Sup-
pose that we are given A,,xn, with rank(A) = r, and an m-vector b. We
want to find a vector x of minimal Euclidian length such that ||b — Ax||5 is
minimized.

Now,

Ib— Axl> = [|b— USV x|
= [|UTb — Zy]l2.

19



If we let

F e T o -
Ty, Cr _|C o Oy
U b= a | = [d} and Y= 0 )
_dm—r_ L 0_

then

s n
b — Ax|)3 = Z(Ci —owi)® + Z d;.
i=1 i=r+1
Thus, the residual is minimized when y; = (‘;—ZZ for ¢ = 1,...,r. Furthermore,
x = Vy, so ||x|l2 = |ly|l2, from which it follows that ||x||2 is minimized by
setting the remaining y; = 0 for ¢ = r + 1,...,n. Therefore, the solution is
given by:

o1 €1
) :
N or Cr
x=V 0 d
L O_ _dm—r
-1 -
g1
L T
= V Or U b
0
- 0_
= A"b.

where AT is known as the pseudo-inverse of A. Note that once we have
computed the SVD of A, a sequence of least squares problems can be easily
solved.

3.5 Lower Rank Approximations Revisited

In light of our previous discussion, we can see why one might want to replace
. . .1 X .
a matrix with one of lower rank. Suppose that the matrix [0 1 0_10} is

obtained after a long series of computations. One is left to wonder if this

20



matrix is actually a rank-2 matrix, or is better represented as a rank-1
matrix in light of potential round-off error. If one were to solve a system of
equations using this matrix, and if the 1070 term were in exact arithmetic
0, the computed solution would be very inaccurate. Instead of forming

- 1 x
A lb: |:O 1010:| b,

it may be more appropriate to form

It is important to note that while the eigenvalues of a matrix can be ex-
tremely sensitive to small perturbations, the singular values are well-conditioned,
which justifies the use of the pseduo-inverse in such cases.

3.6 Computational Considerations for Eigenvalue
Problems

We have many different computational considerations associated with eigen-
value problems. The methods we will develop in the remainder of the term
will depend largely on the matrix characteristics, and the actual quantities
of interest.

The following are some characteristics which will affect the algorithm we
choose to solve our problem, and the software that is developed:

1. Matrices:

(a) Real Valued:
i. Symmetric
ii. Non-symmetric
A. Skew-symmetric
B. Hard (e.g., ill-conditioned)
iii. Sparse
A. Structured (e.g., banded)
B. Unstructured (e.g., Markov matrices)
iv. Dense
A. Structured (Toeplitz, Hankel)
B. Unstructured
(b) Complex Valued:
i. Hermitian (A = A*)
ii. Complex Symmetric (4 = AT)
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iii. Arbitrary Values
2. Items of interest:

(a) All eigenvalues (and eigenvectors?)

(b) Only the largest eigenvalue (and the corresponding eigenvector?)
(c)
(d) Eigenvalues such that Real();) < 0
(e) Eigenvalues such that |\; —a| <
(f

Only the smallest eigenvalue (and the corresponding eigenvector?)

Methods for varying computer architectures

Some examples of more difficult problems are:

1. Find the eigenvalues of a sequence of problems A;, Ao, As, ... where

T

7 9

Ait1 = A +wu

or

2. Find (A,x) such that

(MA+AB+C)x=0.

3.7 Problems Which Can Be Transformed Into Stan-
dard Eigenvalue Problems

1. Root Finding

Suppose one wanted to find all the roots of the polynomial
A e N e AR g = 0. (3.1)

Consider the matrix

0 1 0
0 1
C = ;
0 0 0 1
_—C(] —C1 ... —Cp—2 —Cn—l_

and the eigenvalue problem
Cy = \y.
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Expanding this system of equations, we obtain

Y2 = A1
Yn = Ayn—l
—CoY1 — C1Y2 — -+ — Cn—1Yn = AYn.

However, the first n — 2 equations imply
yj:)\j_lyl forj=1,2,...,n.
Substituting these relations into the last equation yields
(A" + e N e oA 2 4 eg)yr = 0.

Hence, any eigenvalue of C'is a root of this polynomial. Furthermore,
one could construct the characteristic polynomial by expansion of the
determinant and discover that the characteristic polynomial of C' has
the same roots as our polynomial (3.1). For this reason, C' is called
the companion matriz of this polynomial.

There are other matrices which express a polynomial as a linear com-
bination of orthogonal polynomials. One such matrix is called the
comrade matriz which may be discussed at a later time.

. The Generalized Eigenvalue Problem

Suppose we wanted to solve the generalized eigenvalue problem: Find
a vector x and a scalar A such that

Ax = \Bx.

Of course, if B is invertible, we could solve the standard eigenvalue
problem B~'Ax = Ax. However, this strategy often destroys spar-
sity and symmetry, which is a very desirable property for eigenvalue
problems, as we shall see later.

Suppose A is symmetric, and B is symmetric and positive definite.
Then, we could write B = FFT. This decomposition could be com-
puted using the Cholesky Factorization, but this is certainly not the
only possibility, since if GG is the Cholesky factor of B, and if () is an
orthogonal matrix, then

(GR)GR) =GRRTGT =GGT =B
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is another possible factorization of this form. Then, we can manipulate
our generalized eigenvalue problem as follows:

Ax = ABx
= \FFTx
F'Ax = \FTx
F1AFTFTx = 2\FTx
Cy =Xy

where C = F7'AF~T and y = F”x. Now, we have a standard sym-
metric eigenvalue problem, since the matrix C' is symmetric. Fur-
thermore, the original eigenvalues have not changed, and the original
eigenvectors are easily obtained. Finally, we note that the fact that we
can convert the original problem into an equivalent symmetric eigen-
value problem implies that the eigenvalues of the original problem are
real.

. Non-Standard Eigenvalue Problems

We previously alluded to another type of eigenvalue problem which
may arise from a discussion of systems of ordinary differential equa-
tions. Suppose that we wish to find a vector x and a scalar A\ such
that

(MA+AB+C)x=0. (3.2)

We can convert this problem into a generalized eigenvalue problem by
first expressing y = Ax. Then (3.2) becomes

My +By+Cx=0
y = Ax.

=R

We can then compute the eigenvalues of this 2n x 2n generalized eigen-
value problem. This technique is similar to writing a second order ODE
as 2 first order ODE’s. We can also generalize this technique to higher
order polynomial problems.

Hence,
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Lecture 4

Methods For Computing The
Largest Eigenvalue in
Modulus

4.1 The Power Method

Let A be an arbitrary n x n matrix with n linearly independent eigenvectors,
so that

AXZ‘ == >\ixi
fori=1,2,...,n where

Algorithm 4.1. (The power method)

Let ul® be an arbitrary vector with |u(® |, = 1.
while unconverged do

v+ — k),

cryr = 1/ vED 5,

) = ¢ B+,
end while

It is clear that

k+1)

u = ck+1Au(k),
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and therefore,

u® = ¢; Au®

u® = AuM = ¢ye; 4200

k) = Cka_l...ClAku(O)

= dkAku(O)

u(

where di = H?:l c¢j. Since the eigenvectors are linearly independent, we
may express any vector as a linear combination of the eigenvectors. So,

n
u(o) == Z ;X5
=1

Then,

ul) = dy, AF (Z a,-xi>

i=1

n
= dk Z OéiAkXi
1=1

n
= di Y i
1=1

Furthermore, since [u®||; =1,

1

dpy = ———.
P AR

Assumption 4.2. Let us now assume the following:
L AMi=X="= ),
2. A1 > [Aigp| fori=1,...,n —p,
3. Zf:l |a;| # 0.

Then,

AN < n Aex
() AT D iy Qi D51 GATX;

AT Dhy i + D00y aAbxg 2
M )F SP i~ n Y b .
W i=1 (679, ¥] + zj=p+1 Oé] W Xj

K
P X n (A .
i1 X+ D (\Aﬂ) X;
2
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Therefore,

Apt1

A

p
u(k) = Yk ZOZZ'XZ‘ + O <

k
> , (4.1)
i=1
where |k| tends to a constant as k — co. And, since every linear combina-
tion of eigenvectors corresponding to the same eigenvalue is an eigenvector,

we obtain:

Theorem 4.3. (Convergence of the Power Method) Under the as-
sumptions (4.2), the sequence of vectors generated from the power method,
u(k), converges to an eigenvector as k — oo.

If [\]| = A2, but Ay # Ao, then the power method will not necessarily
converge to an eigenvector. For example, consider the matrix

O

For this matrix, Ay = ¢ and Ay = —i. If u® = i , then u® will not
converge to an eigenvector. Later we shall consider in detail the problem of
computing eigenvalues of equal moduli.

4.2 Shifts

From (4.1) we see that ul® will converge slowly to an eigenvector if % is

close to 1. One possible remedy is to use the power method on the matrix
(A — al). We refer to a as a shift. Recall that the eigenvalues of (A — al)
are

)\1 - Oé,/\Q — Q, ,)\n — Q,

(i.e., shifted versions of the eigenvalues of A) and hence, the power method
applied to (A — al) yields a sequence of vectors

p n k
Aj—«
ul =y | Y i+ Y ij(lﬁ—ozl) I
i=1

Jj=p+1

This may look like the same statement as before, but it should not be
interpreted as such, since some of the eigenvalue ratios in the second sum
may now be greater than 1 in modulus. For example, if all the eigenvalues
are real and positive, then if a > Aq,

0>)\1—a2/\2—a2...2/\n—a.

So, A, — « is the eigenvalue of largest magnitude, and so the power method
can be used to find A, (in this case) if a shift is employed. In general,
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the power method will converge to the eigenvalue farthest from the shift if
another distinct eigenvalue does not exist that is the same distance from the
shift.

If we wish for the power method (with shift) to converge to an eigenvector
that corresponds to A1, the best choice for « is the one for which

i — @

= min.
/\1—Oé

max
p+1<i<n

Since this clearly requires some knowledge of {)\i}?:p 11, a heuristic procedure
is generally used for determining «.

4.3 Rayleigh Quotient

If the matrix A is symmetric, then the Rayleigh Quotient, defined by
u BT Ak
Bk = 0T

provides an improved estimate of the eigenvalue, A;. Recall that for a real
symmetric matrix, the eigenvalues are real and the eigenvectors are orthonor-

mal. Since
k
Z%Xz+ Z Qa; <|)\ |> X

j=p+1
and
k
Au®) . Alzalxl—l— Z Q) (,)\ ’> X;
j=p+1
It follows that

a7 gu®
Pk = = T o F)

2 P ~T n . T i~ n . [ 25
%( i=1 QiX; +Zj=p+1aﬂ( > X; ( LR T D DR TPy <\

k
2 D T n SP Aj
Vi < i=1 QX +zj=p+1 (,\_> > < i—1 QiXi + Zg =p+1 % <m
p 2 n 2 2k
ERADY T D WY (\)\ |>
:n 2| A
a2+ 5" i—pt1 O

(el T))

Thus, the Rayleigh Quotient py, has roughly twice as many digits of accuracy
as the components of u®).

Ap+1
A1
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4.4 Computing the Largest r Eigenvalues

Suppose we wanted the largest r eigenvalues. This could easily be acom-
plished using the power method. First, we can compute the largest eigen-
value A1 and its corresponding eigenvector x; accurately. Then, we will
perform the power method again, but this time forcing ay = 0 by either
choosing an initial guess that is orthogonal to xi, or by subtracting off the
contribution to v(¥) of x; at each iteration by defining

K(l'f) = (I — xlxlT)v(k),
and then let u**1) be a normalized y(k). We could also work with the matrix
AP = A - nxgx

Once the second eigenvalue and eigenvector are computed, we can repeat the
process, orthogonalizing against all previously computed eigenvectors until
we have constructed r eigenvectors.

4.5 Distinct Eigenvalues of Equal Modulus

As we pointed out earlier, if || = |A2| and Ay # Ag, then the power method
will not converge for an arbitrary u(®’). One method of overcoming this
difficulty is to employ an appropriately chosen shift. But, this shift might
be complex. Also, the best shift can be very hard to determine. Fortunately,
there are approaches which are more efficient which allow real arithmetic.
Let us assume that for the real matrix (no longer symmetric), A,
)\1 — peie
Ay = pe

and | ;| < |A1] for ¢ = 3,4, ...,n. Furthermore, if we wish to use real arith-
metic in the numerical process, we should take u(® as a real vector. Suppose

n
u® = Q1X) + eXo + E QX
i=3

Then,

u® = g, AFu©

n
= dk(al)\'fxl + ag)\gxz + Z ai)\fxi)
i=3

n
k _ik6 k_—ike k
= dy, <a1p "%y + agpe " xg + E ozi)\ixi> ,
i=3
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so that if 6 # 0, the elements of u®) will tend to oscillate.
Let us assume temporarily that «; = 0 for ¢ = 3,4,...,n. Then A\; and
Ao are the roots of the equation:

NEpr4+¢g=0
for some p and q. Now define,
v = Au®) and w) = Av(®),
Then, since
u® = dy (a1 Mx + aa\bxy),

it follows that

w4 pv®) 1 qu® = d@ (a1 (A2 4 pA1 + @) Axy
+ a2(A3 + pAz + @) Ax2)
=0.

Clearly, it is not the case that a; = 0 for j = 3,4, ..., n in general, but one
would expect that for a sufficiently large k, the vector generated from the
power method, u*), would lie predominantly in a 2-dimensional subspace
(i.e., o;j would be small for j = 3,4, ...,n). Accordingly, we wish to determine

{Pk, i} so that

and
€™ ||y = min .

Thus, we will solve the linear least squares problem whose normal equations
are given by:

vOTyE)  yRTw®E] [pe v(E)T 5 (k)
VBT ) u(k)Tuac)] [qk] == [uw)TW(k)] (42)
(i.e., WRck) = —n®)) Tt can easily be shown that if u®) belongs to a

1-dimensional subspace associated with the eigenvectors of A (i.e., oy or ap
are zero), then det(W®*)) = 0.
So, we can determine A1 and Ao as follows:

Algorithm 4.4. (Modified Power Method)

Let £, > 0 be prescribed tolerances, and perform several (k)
steps of the power method. Then define W®*) as in (4.2).
if det(W*)) < ¢ then
Continue with the power method.
else
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Compute c¥).
if[[c*t) — c¢®)|| < then
Determine A\; and o from the roots of A2 + pp\ + g = 0.
else
Repeat after another step of the power method.
end if
end if

Note that complex arithmetic is not required in the calculation. Only after
the vector ¢®) has converged are the (complex) eigenvalues computed.

The eigenvectors can be calculated in a simple manner once the eigen-
values are known. If

u = a1Xx1 + aeXa,

then,

V = a1 A\1X] + a9 A9Xo

since v = Au. Now,

VvV — )\211 = al()\l — )\Q)Xl
VvV — )\111 = ag()\g — )\1)X2,

and so,
vV — Au
X=—— "
[v = Azulf2
vV — Aiu
Xg = ———
v — Arul2

4.6 A Very Bad Method

One could attempt to find all n eigenvalues of A,,«,at once in a manner sim-
ilar to the method used in the previous section, but it is not recommended.

The Cayley-Hamilton Theorem tells us that if
AN =" — A" — L —a, =0,

then
p(A) = A" — AV — L —a, ] =0.
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As an aside, we can note that

A" = A"y ot apd

€ Pn-1(4)
= A" = AA" = A(a A"+ L+ ayd)
=1 A" + ...a, A
= 3A" F a1+ a)) AV 2+ o+ an(1+a))]
€ Pn-1(4)

= A" e P,_1(A).
Also, apl = A" — o A" — . — a1 A
= OénA_l = An_l — OélAn_2 — =y I

Le., A7t € P,_1(A).
Returning to our bad algorithm,
p(Au® = A"u® — 0 A" @ — | —,u®.

So, if we store the Krylov Sequence v(© = u®, v = Av(-1_ for ; =
1,...,n, we can retrieve the characteristic polynomial by solving the system
of equations:

aq

“eey

Qn

Then we can determine the eigenvalues from those of the Companion Matrix
of ¢(N).

Not only does this method only transform our problem into one with a
well defined structure, but the method generates a system of equations where
the left-most columns of the matrix are all strongly dominated by the same
eigenvector of A, so the system is highly ill-conditioned. Furthermore, we
have performed n, O (n2) operations (matrix-vector multiplies), followed by
a0 (%n?’) linear systems solve, yielding another eigenvalue problem. Even if
it wasn’t ill conditioned, it makes for a computationally expensive algorithm.

4.7 The Inverse Power Method

Algorithm 4.5. (Inverse Power Method)

Let u be an arbitrary vector with ||u|ls = 1, and pg be an arbitrary (real) scalar.
while p is unconverged do
Solve for w*+1): (A — w1 = u
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) _ wEEDT g (k+1)
Update: = ¥ oy

end while

We can make several variations in this procedure. For instance, our base
algorithm can be replaced by:

(k)
PR A
(A= pl)w W,

Here we would obtain cubic convergence. Also, it is often desirable to fix
pr = p. In this manner, the factorization of (A — pgl) will not need to be
recomputed at each iteration, possibly saving computational work.
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Lecture 5

Finding Other Eigenvalues
and Perturbation Theory

5.1 The Inverse Power Method

A very effective method for increasing the rate of convergence of the power
method is the method of inverse iteration, also known as the inverse power
method. This method can be used to find any eigenvalue, provided an ap-
propriate shift is used. We shall discuss this algorithm for real, symmetric
matrices, but it is applicable to more general situations.

Algorithm 5.1. (Inverse Power Method)

Let u be an arbitrary vector with |lull2 = 1, and py be an arbitrary (real) scalar.
while g is unconverged do

Solve for wk+1); (A— ukf)w(k“) -
(k+1)T gy (k+1)
Update: ux, = ~Coemnr oo

end while

Again, let us write

n n
u= E X, where E 0422 =1,
i=1 i=1

and {xy} are the eigenvectors of A. Let us further assume that Ay = Ay =
... = Ap and that u has some contibution in the direction of an eigenvector
that corresponds to Ay (i.e., Y 0_; |a;| > 0).

If po is not an eigenvalue of A, then,

wl) = (A= poI) "
= Ai — o
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Hence, if ug is a good approximation to Ay, we would expect w(® to be a
good approximation to an eigenvector that corresponds to A;. In general,

Z/\ — HE— o

and hence,
a;\;

Aw® — o
— Ai — -1

And by orthogonality of the eigenvectors (4 = AT),
wFDT gy (k1)
HhA1l = = e 1) T gy (k1)
n X
2in1 Ni—pk)?

= a2

S
=1 (Nj—pr)?

Hence,

Zn 2 Ni—A1
i=1 Y =y )2
MEk+1 — )\1 - a2
o G
3=1 (Xj—p)?

Zn 1@2 )\i—)\lz
i=p+1 i (\;— .
= Qo A =A== Ay,

a“

=1 (Nj—m)?

n 2 )\ )\1
2aizpt1 % T

= (M — )?
p 2 (A1—p)?
Z 1a +Z—p+1a Oy —1e)?
Thus,
n 2 )\i_)\l
Hi+1— A1 Dimpt1 % v —pn)?
—2)?2 2 (M —pk)?
e =19+ J(AJ )2

Therefore, if ur — A1 as k — oo,
2

m o
i W+ Mo 2itp o

k—oo (ur — A1) biof

Thus, if the inverse power method converges, the rate of convergence is
quadratic. It can be shown that in most situations, u; will converge to an
eigenvalue.

It was mentioned earlier that if pg is a good approximation to Ay, we
would expect w() to be a good approximation to an eigenvector that corre-
sponds to A;. However, if 119 is a good approximation to A;, then we would
expect that w1) would be a good approximation to an eigenvector that cor-
responds to A;. We could proceed as before with this goal in mind, and show
that in this case, if u; converges to A;, it would do so quadratically.
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5.2 Note: Linear Systems Error Bounds

If we wish to solve Ax = b for the vector x, and we actually obtain from
our algorithm the vector &, then if we express x = £ + e for some vector e
which represents computational errors, then we can deine the residual, r,

r=b— A¢
= A(x )
= Ae

= e=A"'r.

So, we can place the following bounds on the error vector:

[rllz < [l All2[lefl2
[rl2
1A]l2

Notice that these bounds are directly related to the matrix, A and its inverse.
It is rather surprising to note that the bounds that we will develop for
eigenvalue and eigenvector perturbation are not of this form.

< llell2 < [ A" l2]x]l2-

5.3 Error Bounds on Eigenvalues

Let us suppose A is symmetric (i.e., A = AT). Then given an estimate of
an eigenvector, y, we can use the Rayleigh Quotient as an estimate of the

eigenvalue, o = y;T‘i,y. We know that
)\mzn(A) <ac< )\max(A)'
Let us define the residual with respect to the eigenvalue problem, r, as

r=Ay —ay = (A—al)y.

Then,
r’r  y'(A—al)T(A—aly
y'y y'y
_ ¥y (Aad)?y
y'y
< max{(A — al)?}.
So,
T 2
min [\ — af? < % = HI'H% < max|\; — al?.
i yiy lylz © e

Hence, there must be at least one eigenvalue inside of the interval surround-

ing our estimate, [o — ||||;||||22 so+ ||||;||||22]. One should notice that this bound is

much easier to compute than those for solving linear systems of equations.
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5.4 Solutions to Nearby Eigenvalue Problems

Suppose we have found an eigenpair, (\;,x;), of the symmetric matrix, A.
How close is \; to an eigenvalue of the nearby matrix (A + ¢E) where E is
symmetric, ||E||2 = 1, and € > 0 is a small parameter? We have

r= (A + €E)XZ' — NiX;

= €EXZ'

which yields
rfl2 <e.

Therefore, there must be an eigenvalue of (A + ¢F) inside the interval [\; —
g,\i + €.

5.5 The Gerschgorin Disk Theroem

Given Ax = Ax, looking at one row of this system of equations,

App Ty + g ArsTs = ATy
s#T

(arr - A)xr = - Z ArsTs
S#T

Let us assume that |z,| > |zs| for s = 1,2,...,n. Then,

Ts
(CLT’T’ - )\) = - Zarsx_

s#T r
’arr - )\‘ < Z ’ars’ = pPr
s#T

Hence, the union of all disks, |a; — 1| < p;, contain all the eigenvalues of A.
For example, let

Anxn =

Then p; = p, = 1, and p; = 2 for j = 2,3,...,(n — 1). The Gerschgorin
Disk Theorem tells us that all the eigenvalues lie in the disk, |\ — 2| < 2.
Furthermore, since A = A7, 0 < A < 4. We could also conclude that the
matrix A + ol is positive definite for any o > 0.
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Another trick that we can use is to rescale off disgonal elements using
the similarity trasformation B = DAD™! where D is a diagonal matrix.
Then the elements of B are given by b;; = aijj—;. Then the Gerschgorin Disk
Theorem tells us:

d.
|ai; — Al = |bii — Al < Z |ai;] d_; :
i#]
. 1 1000
To make this effect more clear, suppose A = 10-9 e Then we

know all of the eigenvalues lie on a disk |A — 1] < 1000. But if we choose D
such that d; = 1 and dy = 10°, then

d
B:DAD‘lzl 1 1000@]'

-9d
10772 1

We can conclude that all of the eigenvalues of A lie in the disk [A—1| < 1073.
Since B is symmetric, we can also conclude that the eigenvalues are real and
lie in the interval [1 — 103,14 1073].

One can also prove as a corollary to the Gerschgorin Disk Theorem that
if any of the disks are disjoint, then an eigenvalue must lie in that disk.
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Lecture 6

More Perturbation Theory
and Error Bounds, and
Jacobi’s Algorithm

6.1 The Condition Number of an Eigenvalue

If Ax = Ax, we call x an eigenvector, or more precisely, a right eigenvector of
A. Similarly, if y*A = \y*, we call y a left eigenvector of A. Note that any
left eigenvector of A is a right eigenvector of A*. If the A is diagonalizable,
then we can write

y;Xi =0 for 7 # 7.

Consider the matrix (A+eB) with right eigenvector x; (¢), and eigenvalue
A1(e). Assume further that |b;;| < 1. Then it can be shown that since A is
diagonalizable, A\1(¢) can be expressed as a power series in ¢ such that

>\1(€)=>\1+k’1€—|—k¢2€2+---.

So,
)\1(5) - )\1
€
Similarly, x;(¢) can be expressed as a power series in € such that

— k1, as € — 0.

X1(€)ZX1—|—€Z1—|—€2Z2—|—"' .

Since A is diagonalizable, we can express the vectors z; as linear combi-
. . . n
nations of the eigenvectors of A4, i.e. z; =3 7, t;x;. So,

n n
Xl(E) = X +€th1Xj +€2th2Xj —+
j=1 j=1

= (L4etiy + %o+ - )x1 + (etar + %tog + -+ )x2
o (et + g + - )X

41



Since this is an eigenvector, let us rescale it so that the coefficient of x; is 1,
then

o0 o0 o
x1(e) =x1 + Zajfgj X + Zajfgj X3+ -0+ Zsjfnj Xn,
j=1

= =1
n
=x + Z fi(e)x;
j=2

Before we proceed, let us make two notational definitions and observations.
Let s(\;) = |y;x;|, and also, §;; = y;Bx;. Thus, |s;| < |lyill2/xil2 =1, and

;5] < 01(B) = || B2
Now,

(A+eB)xi1(e) = Mi(e)x1(e).

Looking at the terms that do not include €, we obtain the equation,
AX1 = )\1X1.
The terms of order ¢ yield the equation:

EA(£21X2 + 531X3 +---+ fnlxn) + eBx3
= E(klxl + )\1t~21X2 + )\1t~31X3 + -+ Algnlxn)-

That is,

A <Z t~i1Xi> + BX1 = )\1 (Z t~i1Xi> + k‘lxl
=2

=2

3

(A — )\1[) ( zlxz> + BX1 = klxl

i=2
Z tin(Ai — A\1)x; + Bxy = ki1x;.

So, due to the orthogonality of the right and left eigeivectors, multiplying

this equation on the left by y7 yields

yiBx1 = kiyixa

and therefore

| = yiBxi| _ |11
y1X1 3()\1)'
Hence,
511 9
|/\1( ) )\1| S()\l) —1—0(6).
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That is to say, the perturbation in the eigenvalue is proportional to s(\;)™*
for each i. Thus we call s(\;)~! the condition number of \;. Furthermore,
NE) ~Xi| 1Bl

9 3()\2)

as e — 0.

6.2 Perturbation of Eigenvectors

To find the first order perturbation of the eigenvectors, we proceed as before,
arriving at the equation

Zle(/\l — )\1)Xi + Bxy = k1x1.

=2
Now, we shall multiply on the left by y;, yielding

y]Ztll XZ+yJBX1—k1ij1

= (Aj — M)1yjx + B =0

for j = 2,3,...,n. Therefore, |t]1| = ‘%‘ and
Bj1
[x1(e) —x1]]2 < o _)\] 5Oy +0(£%).

Again, we notice that the perturbatlon in the eigenvector is proportional
to s(A;)71, but in this case, each s()\;) may contribute. Furthermore, if
the eigenvalues are close to one another, we may have difficulty computing
eigenvectors.

6.3 Perversity Theorem

One of the more troublesome (or troubling may be more appropriate) results
related to the computation of eigenvalues and eigenvectors is the following
theorem:

Theorem 6.1. (Perversity Theorem) Let A have distinct eigenvalues. If,
for some eigenvalue X, s(\) < 1, then there exists a matriz E such that X\ is
a repeated eigenvalue of A+ E, and

1Ble s
14l = ie 20
Thus, even if the eigenvalues are distinct, if one eigenvalue is suffi-

ciently ill-conditioned, then computation of the eigenvalues, and especially
the eigenvectors, may be very difficult.
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6.4 Jacobi’s Algorithm, Preliminary Details

For this discussion, we shall assume that A is symmetric, and all the eigen-
values of the matrix are desired. Note that since A is symmetric, all the
eigenvalues are well-conditioned.

The basic idea behind Jacobi’s Algorithm is that by performing transfor-
mations of the form A+ = Q;{A(k)Qk, where Q)i is an orthogonal matrix,
we can reduce A to its Schur Form. Under the assumption that A is symmet-
ric, this will yield a diagonal matrix, and an orthogonal set of eigenvectors.

The particular orthogonal matrices we will employ are called Jacobi Ro-
tations. Recall that in 2-D, if we wish to rotate a vector by an angle 6, we
pre-multiply it by the matrix

cos@ sinf
T= {—sin@ cos@]'

This concept can be generalized to higher dimensions, whereby a vector is
rotated about one of its principle axes, via pre-multiplication by the matrix,

cos 0 sin @

—sin6 cos 0

T;; is the identity matrix with its (¢, j) and (j,¢) elements replaced by =+ sin ¢,
respectively, and its (i,7) and (j,j) elements replaced by cos@. It is easy to
verify that this matrix is orthogonal.

The basic question which will be discussed in the next lecture is, “How
do we choose (i, ji) to define our matrices Tj, ;, 7?7 We will choose (i, ji) so
that the off-diagonal elements become smaller, but how do we assure this?
Let D4 denote the diagonal matrix whose non-zero elements are the diagonal
of the matrix, A. Let us also define,

*(A) = |A = Dallz =) lagl*
i#j

We shall describe a sequence as monotonic (decreasing), if

t2(A(k+1)) < t2(A(k))
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t2(C) —t*(A) = |C — D¢ |3 — ||A — Dall%
= |TFAT;; — De||% — I|A = Dallz

= (Z a?j - ZC?Z) - (Z a?j - Za?i)

_ 2
—aii“‘ajj_cii—(f'

The last line is a result of the structure of T;;.
Now let us reduce our scope from T;;, C, and A, to the matrices T,

O R )
Cji Cjj aji  ajj
Notice that A and C are symmetric, and C = TTAT. Furthermore,
IA|[% = af; + a?j + 2a22j'
C is similar. Thus,
t2(C) — £2(A) = (a5, + ) (s +c3))
Al = 2a3) = (IC]1F — 2¢3))
(% )

Now, we can conclude that our method is monotonic if for every iteration,
lcij| < |asj|, which is very simple to check.

(a
(I
2
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Lecture 7

Jacobi Algorithm and
Tri-Diagonal Form

7.1 Jacobi Algorithm

As described in the previous section, the Jacobi Algorithm will construct
a sequence of matrices {A(k)} via unitary similarity transformations using
rotation matrices of the form

I
cos 0 sin 6
T = I
—sinf cos 0
I
Hence,
k k
Alk+1) _ TZ?ZJICA( )Tik,jk

and if A is a symmetric matrix, A®) — A as k — oo (i.e.,

(A®) =Y (a)* =0
i#]
as k — o0). Note that in doing so, we also obtain an orthogonal set of
eigenvectors as [[, 75, j, , if an infinite number of iterations are performed
in exact arithmetic. But, after a finite number of iterations, we still obtain
an orthogonal set of estimates for the eigenvectors.

We have already shown that if we define C' = 1}7;141}]—, then [|A|% =
|C||%, and t3(C) — t2(A) = 2((:%- — afj). Our goal is to define a monotonic
(decreasing) sequence, hence we want |c;;| < |a;;|. We can express ¢;; in
terms of elements of A and 6 as

cij = a;;(cos? 0 — sin? ) + (a;; — a;) cos Osin 6

= a;j cos(26) + %(ajj — a;;) sin(20).
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The classical approach (although clearly not the only possible approach) is
to choose 6 such that ¢;; = 0. This yields the equation

1
0= Qjj COS(Q@) + §(ajj — aii) Sin(29)
which can be rearranged to obtain
2 ..
tan(20) =17 = $,
Qi — ajj
and if we define ¢ = tan @, we obtain the quadratic equation

0= 425 1
T

which has the solution
—1+vV14+72

T

If we always choose the smallest ¢, then we are always defining # such that
0] < %. This choice will improve the computational stability of the method.
We can then define the matrix 7T;; according to

1
cosl =c= —— sinf = s = tc.

VI

A different perspective on the how to generate the matrix C' is to look at
the eigenvalues of A.

7.2 Choice Of Indices

One question remains: How does one choose (i,5)? One could choose (I, J)
such that
|ars| = max ai;]
i#J
(i.e., the largest off-diagonal element is to be annihilated). Then

1

arg|? > mﬂm(’f)).
So,
2(AKFDY = 2(AW) 942,
< (A0) - ()



In actuality, we have shown convergence provided that

1
|CZIJ|2 > m Z(aij)2
i#]

(i.e., ary is larger than the average off-diagonal element).
This analysis shows that convergence is at least linear. It has, however,
been shown that asymptotically, convergence is quadratic; i.e.,

HAFFD) = cft(AW))?

for some ¢, provided k is sufficiently large.

A second alternative is to sequentially walk through the indices. This will
eliminate the rather costly search to find the maximal off-diagonal element.
Forsythe and Henrici proved convergence for this method under the condition
0] < %

A third approach is to implement a threshold-based search. Suppose,
for example, that |a;;| < 1. Then, in the first sweep, one could choose to
annihilate all elements > % In the next sweep, you could ennihilate all

elements > %, and so on.

7.3 Some Implementation Details

What should be chosen as a termination criterion? We know that with
infinite precision calculation, for all k,

t2(A(k+l)) < t2(A(k))

So, if this condition is violated, it must be a result of roundoff errors, so we
can stop our computation. An alternative to this is to look at the size of the
off diagonals, relative to the matrix. One might choose

1Al

as grounds for termination.

How many iterations are required for convergence? If we use the sequen-
tial walk through the indices to define one sweep (the second alternative),
N = % rotations are used in one sweep. The heuristic that the number
of sweeps is O(log N) tends to be reasonable.

Which architecture is most suited for this algorithm? On a serial com-
puter, the Jacobi algorithm is considered impractical for very large problems.

However, we can exploit the fact that the rotation T;; only affects the ith

49



and j** rows and columns of the matrix to obtain a large amount of paral-
lelism in our implementation. Consider, for example, the following rotations
applied to a 4 X 4 matrix:

(1,2) (3,4)
(1,3) (2,4)
(1,4) (2,3)

Each pair of rotations shown can be performed simultaneously, and inde-
pendently (assuming all row rotations are performed before performing any
column rotations). These 6 rotations span all rotations needed for one sweep.
In general, approximately % processors can be used efficiently with this type
of implementation.

How accurate is the algorithm? Let us define the following:

r : # of sweeps
d; : computed eigenvalues

u : machine precision.

Wilkinson showed that

n

> (di = X)? < (N + k)l A] pu.
i=1

A refined error analysis by Demmel and Veselic shows that if A is positive
definite,

IAi — Xi(A)]
Ai(A)

where D = diag(y/a11, /@22, .-, \/ann). The termination criterion plays a
role in the above analysis as well.

~ uky(DYAD™Y)

7.4 Reduction to Tri-Diagonal Form

Clearly, the most significant amount of work required by the Jacobi Algo-
rithm is the application of the rotations to eliminate all of the off-diagonal
elements. If we had a tri-diagonal matrix to work with at each step, the
application of these rotations would preserve the tri-diagonal structure, and
hence our computational workload would be dramatically reduced. Fortu-
nately, we can always perform a unitary similarity transformation on any
symmetric matrix to reduce it to a tri-diagonal matrix.
Consider the rotation matrix

cos@ sinf
T= {—sin@ cos@]'
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We wish to choose 6 so that if we apply 1" to the vector a = [a] , we obtain

b
Ta = aeq:
cosf sinf| |a 1
) =va? + b2 )
—sinf cos@| |b 0
It follows that
sinf = b cosf = a4

Va2 + b2’ Vaz+ b2

Similarly, given an arbitrary symmetric matrix A, we can pick T53 so that the
37 element of the first column is eliminated. Then, forming the similarity
transformation AY) = T3 AT,

X X

=
I
X © X X

Note that this would not have been the case if we had chosen Ti3 for this
purpose.
We could proceed down the first column, and across the first row:

x 0 0 x...
X

A = Ty ATY, =

X © O X X

ultimately yielding

AP =T, Ty - Tog AT T, - T,

ajl afl) 0 e 0 1
2 2 2
aél) aéz) az(az)
0|
- O =

We then proceed to eliminate all elements beyond the third of the second
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column and row in the same fashion:

AB) = T3n T30 1 - T34AT§;T§) .. Tg;
_ @ -

CL11 a21 0 “ .. O
2 2 3
agl) ag; a§2) 0O ... O

3 3 3
0 az(az) az(a?,) az(a4)
0 agi)

. —1 . . .
Hence, after performing % row and column rotations (which is essen-

tially one sweep of the Jacobi Algorithm), we obtain a tri-diagonal matrix
with the same eigenvalues as A. Hence we have obtained the decomposition,

A=QJQ"
where i i
aq bl 0 ‘o 0
bl as bg :
J=10 b, . - 0
. ap—1 bp—1
L 0 e 0 bn—l Ay, ]

J is called a Jacobi matriz. Once we have computed the eigenvalues and
eigenvectors of J, we obtain the decomposition

J=7ZAZ"
of J, which yields the decomposition
A=QJQT =QZAZTQT,

of A. It follows that the columns of QZ are the eigenvectors of A.

The reduction to tri-diagonal form does not need to be accomplished by
Givens rotations as described above. Householder transformations could be
used to eliminate all elements below the sub-diagonal in a column in one
step (and similarly across the row). The Lanczos Method also produces a
tridiagonal matrix, as we shall later see.

If A is not symmetric, one often performs the above reduction steps, but
instead of obtaining a tri-diagonal matrix, an upper Hessenberg matrix is
obtained. More about this structure will be said in the next lecture.
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7.5 Polynomial Recurrence Methods

Once we have a tridiagonal matrix J, methods which compute the roots of
polynomials, such as Newton’s Method, can be used to find the largest eigen-
value, the smallest eigenvalue, and all eigenvalues inside of an interval. These
methods take advantage of recurrence relations developed by expanding the
determinant of (J — AI).

Let
aq b1

ak—1 br—1
br—1  ak

(i.e., Ji is the leading k x k minor of J). Furthermore, let

0k(N\) = det(Jx — AI).

So,
60()\) = 17
(V) = (a1 =),
. al — )\ bl
52()‘) = det |: b1 ag — )\:|
= (a2 — \)d1(A) — b5 (N),
_ 0 ]
Jo — NI :
Sk+1(A) = det ’ 0
by,
L0 ... 0 bk | agr1r — A
- Jp—1— A ‘ 0
= (ag4+1 — A)Ok(A) — by det 0 ... 0 by |by

= (apg1 — NN = b26_1(N).

Note that all orthogonal polynomials satisfy similar three-term recurrence
relations, so perhaps they could be used in methods of this nature.

We could use iterative methods like Newton’s Method to find A such
that d,(\) = 0. In these methods, the above recurence relation would be
invaluable. We can easily compute derivatives of d, () as according to

1 (V) = (apg1 — A)(A) = 0k(A) — bidp_1 (V).
Then we could iterate as follows:

) oA
5 ()

n

An+D) — \(n
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using recursive evaluations of d,, and §,. This method parallelizes very well,
for if we have r estimates of eigenvalues, then we could use r processors
simultaneously. The only problem is that good initial guesses are needed.

Other methods include the construction of Sturm Sequences. These se-
quences tell you how many eigenvalues are to the right and left of a particular
value, A\*, based upon the signs of 6;(A\*) for j = 1,2,...,n. These sequences
can be very useful for isolating eigenvalues within an interval, and for ob-
taining good estimates for use with Newton’s Method. It can also be useful
for determining if a matrix is positive definite.
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Lecture 8

Non-Symmetric Methods

and QR Iteration

8.1 Polynomial Recurrence Methods

Suppose A # AT, A is real valued, and has been reduced to an Upper

Hessenberg matrix:

where H = QAQ”, and QT Q = I. If we only need to find a few eigenvalues,
several of the ideas previously introduced for J will work for H. So we must
ask, how do we evaluate det(H — AI) for a particular eigenvalue estimate,

0

X
X

hs2

0

0

X

X
hn,n—l

A?
Suppose we had a matrix, H such that
[ x
ha
H=10
| 0

Then, det(H) = hip(ho1hss - - - l_”an_l), which is easily computed.

To achieve this, we shall add to the last column of H a linear combination
of the other columns of H such that the resulting last column is of the desired
form. This is equivalent to post multiplying H by a matrix, X:

X

Bln

0
0_

H =HX = H[el,e2, ...,en_l,x]
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where x,, = 1. Then

det(H) = det(H) det(X
=det(H) - (—1)"(det(I,—1))
=det(H) - (—1)" = (—1)" det(H).

Note that we have expanded det X about the last row, so there would be a
sign change if n is odd. But the characteristic polynomial of H has the same
roots as that of H, so A\(H) = \(H).

Now, we need to find z; so that we can take the determinant of (H — \I).
Choosing x; so that the last (n — 1) elements of (H — AI) are eliminated is

equivalent to solving the system of equations:

w1hor  +x2(hae — A) +... +2n_1hon 1 = —hon,
x2h21 +x3(h33 — A) —+ ... +$n_1h,3.n_1 = _h3n,
xn—lhn,n—l = _(hnn — )\)
(8.1)

Notice that this (n — 1) x (n — 1) linear system is upper triangular, thus the

solution can be obtained in O (%2) operations. Then,

det(H—)\I) = (h1n+(a:1(h11—)\)+a:2h12+- : ’—l-xn_lhlm_l))(hglhgg e hn,m)v

and since we are only concerned with the roots of the characteristic polyno-
mial, we can ignore the factor (hay - hpn—1).

As before, we may wish to compute %(det(H — Al)), or ignoring the
extra factor,

d (det(H =)\ da
A ~ dA

d ) d Tpn—1
(hir = A) + —=hip + 4 =2

hp—1— 1.
hat -+ hpp—1 ’

The terms ddff can be found by differentiating the system of equations

(8.1) that defined the z;, yielding:

33,1]121 +:E/2(h22 - /\) +... +217/n_1h2,n—1 = T2,
xéhgl +xg(h33 - )\) +... +‘T/n_1h3.n—l = I3, (8 2)
x;@_lhn,n—l =1.

If a second (or higher) derivative is required, we differentiate (8.2), which
entails replacing z; in the righthand side vector with 2z (and obviously
replacing the variables # in the system with the new variables z).
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Lecture 9

QR Iteration

9.1 The Basic Iteration

In this lecture we will discuss the next evolutionary step from the power
method to a practical method for computing all of the eigenvalues and eigen-
vectors of a matrix A, the QR iteration:

Algorithm 9.1. (QR Iteration)

Let A= A0,
while unconverged do
Form a QR decomposition of A®) such that Q is orthogonal,
and R is upper triangular: A% = Q*) R(*),
Multiply the factors in reverse order: A*+TD = RF)Q*),
end while

It is easily seen that each iteration performs a unitary similarity transfor-
mation of A®):

A+ Z gk — ok T) 4K) (k).

In general,

AEFD — ok T) ... 00OT) 4QO0) ... k),

9.2 Aside: LR Iteration

Another algorithm for computing eigenvalues, called LR iteration was de-
vised by Rutishauser. This algorithm is not as numerically stable as QR
iterations, but can be used for some sparse data structures.

Algorithm 9.2. (LR Iteration)

o7



Let A= AO),
while unconverged do
Form an LU decomposition of A®) such that L is lower
triangular, and R is upper triangular: AF) = LK) pK),
Multiply the factors in reverse order: A*+1) = RK) (k)
end while

If L is non-singular, this iteration amounts to the application of similarity
transformations on A since AK+TY = (&) =1 g(k) (k)

9.3 Convergence of QR Iteration

Let us assume
’)\1’ > ’)\2’ > > ’)\n‘ > 0.

Perhaps the use of a shift is necesary for the assumption that the eigenvalues
have non-zero modulus, but we shall assume it for simplicity. This means
that A = XAX !, where A is diagonal, and ordered by modulus as described
above. Then,

AR = XAP X!
= XAYY.
Let us take a QR decomposition of X, and an LU decomposition of Y.
Thus X = QR, where R is upper triangular, and ) is unitary; and Y = LU,
where L is unit lower triangular, and U is upper triangular. Note that a
QR decomposition will always exist, but the LU decomposition exists if and
only if
Yyin .- Ytk
det Do #0 for k=1,2,...,n.

Y1 - Ykk

We shall say more about this later.
Inserting these decompositions into our expression for A*:

AF = QRAFLU
= QR(A*LA™F)AFU.

Note:

AFLAF = c (i> j).



So,
AFLA* =14+ E®,

where E®) — 0 as k — oo since 0 < K;

‘| < 1 for ¢ > j. Thus,

AF = QR(I + EW)AFU
= Q(R+ REWRR)A*U
= Q(I + RE®WRY)RAFU
= Q(I + F®)RA*U,

where F®*) — 0 as k — co. We can now define a QR decomposition of
I+ F® = QW R® such that as F*® — 0, Q%) — I and R*®) — I. Then,

AP = QQW R RAFU
(QQW)(R® RAMY) (9.1)

= (unitary)(upper triangular).

Thus, we have created a QR decomposition of A*. To establish a link be-
tween this decomposition and a sequence of iterates A®*) generated by QR
iteration, we employ the following result:

Proposition Let P ... P®) be a sequence of orthogonal matrices, and
let A be an invertible matrix. Then, for j =0,...,k,

Al = p(j)T(j)7

where T9) is upper triangular, if and only if the sequence A = A4, AM) .. AK)
defined by
AR — pk)x g p(k)

is a sequence of QR iterates of A;ie. for j =0,...,k—1,
AU = QU)* 40 QL)
for some orthogonal matrix Q) and QU)*AU) is upper triangular.

By this proposition,
AK) — pk)x g p(k)

is a QR iterate for each k. Thus,
AR = 9R*Q* AQQW).

But,
A=XAX"'=(QR)A(RT'Q").
So,
A®) — 9®* RAR1O™)
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which converges to an upper triangular matrix as k — oo, due to the conver-
gence of Q)* to I. We can apply the converse of the propostion to conclude
that for any sequence {A(k)} of QR iterates of A, we obtain a QR decom-
position of A* of the form (9.1), where Q®) and R* must both converge to
1.

The rate of convergence is dependent on the spacing of the eigenvalues.
In particular, f\‘—; is responsible for the rate at which AFLA=% — I.

9.4 Disorder of Eigenvalues

What happens if we cannot construct the LU decomposition? That is, sup-
pose
Yir - Yk
det o =0
Ye1 -+ Ykk

(i.e., we have encountered a zero along the diagonal of Y *) during Gaussian
Elimination). We shall then permute the rows of Y such that

Iy = LU
exists. Thus,
AR = X ARY
= XAFIT LU
= (X17)(TA*TIT) LU.

Then define
AF = TIAMIT = diag(AF

K AR,
Now, A* is A¥ with the eigenvalues re-ordered, and (XII”) are the eigen-
vectors reordered in a corresponding manner.

Now we can proceed with the analysis as before, and the convergence
rate depends on the rate at which the (p,q) element of (A*LA~F) tends to
zero. But,

k —k )‘ip g
(APLA™)pq = <)\_> Ipg-
1q
So, it is possible for |A;,| > |\, |, and we should be concerned that the method
might not converge. Fortunately, this is not the case. In our construction of
II, we only permuted rows if a zero was encountered along the diagonal. In
applying the permutation, we introduced a zero element in the (p, ¢) element
of L, so (AFLA=F),, = 0 in this case.
If there were a block of eigenvalues with the same modulus, say

M| = Next] = oo = [Negs),
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then the QR iteration would converge to an upper triangular matrix, with
the exception of an s X s dense block along the diagonal.

9.5 Uniqueness of the Hessenberg Form

It can be shown that the Hessenberg form of A (i.e., A = QHQ") has
the same uniqueness property as the QR factorization. Recall that the
QR factorization is “unique” provided the starting vector, qi, is specified,
and the signs of the diagonal elements of R are specified. For Hessenberg
form, uniqueness can be shown provided q; is specified, within pre and
post-multiplication of H by a diagonal matrix, D = diag(+1,...,£1) (i.e.,
multiplication of each vector q; by +1). If complex arithmetic is necessary,
then D will be diagonal with arbitrary numbers of unit modulus.

We will now show that the first column of @ (i.e., q;) determines H and
@ with an arbitrary sign choice. Assume that real arithmetic is to be used.

Given a vector, qi, such that ||qi|]2 = 1,

Aqi = h11q1 + ho1qg,
= q1Aqr = hi.
And,  h2i1q2 = Aqy — hi1qy,
= |ho1] = [|Aq1 — h11q1 |2

Here is where an arbitrary sign choice enters the process. Let ho; > 0, then

1

=% (Aq; — hiiai).
21

q2

Note that if we prescribed ho; < 0 the only change to q2 would be a sign

change. Furthermore, this process fails if ho; = 0. This failure corresponds

to the case where q; is an eigenvector of A. In this case, we can pick any qo

that is orthogonal to qi, and we must redefine our concept of “uniqueness”.
In general,

Aqg = higqr + hordz + - + M1 kQr+1
= q;-kAqk =3 for i < k,

and, |hk+1,k| = ||Aqi — higar — - - — hirdil|2-

Again, we may pick the sign of this element, so let hyyq1 > 0 as before.
Similarly, the process may breakdown if (for instance) qj is in a subspace
spanned by k eigenvectors of A, which we could deal with in the same manner
as before. If this is not the case,

Ai+1 = (Agr — higqr — ... — herdi),

Ptk
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and the Hessenberg form is thus constructed “uniquely”.
The following theorem summarizes the nature of this uniqueness. We say

that an upper Hessenberg matrix H is unreduced if all subdiagonal elements
are nonzero.

Theorem 9.3. (Implicit Q Theorem) Suppose that QT AQ = H and
VTAV = G, where Q and V are orthogonal, and H and G are upper Hes-
senberg. Let k be the smallest integer such that hyi1, = 0, with the con-
vention that k = n if H is unreduced. If q1 = v, then q; = +v; and
\hii—1| = |gii—1| fori=2,..., k. Furthermore, if k < n, then gg+1x = 0.
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Lecture 10

Practical QR Iterations

10.1 Shift Strategy

We have seen how convergence depends upon the spacing between the eigen-
values, in particular Ai\tl, which can often be near 1. We have also seen how
the QR Iterations are related to the Power Method, so perhaps we can use a

shift as before. Now, instead of working with A®), we will iterate as follows:

Algorithm 10.1. Shifted QR Iteration

Let AO = A.
while unconverged do
Choose a shift o},
Compute the QR factorization of A% ghifted:
QWRK) = AK) _ 5, T
Multiply in reverse order and undo the shift:
Al+D) = ROQWK) 4 o T
end while

A more practical application of this algorithm is suggested by the follow-

ing:
A0 501 = QO RO
AW = ROQO) 4 501
= QT (A — 5,1)Q + ool

Thus, if A had already been reduced to upper Hessenberg form, we could
apply shifted QR iterations by first subtracting the shift o; from the diag-
onal elements of A, then performing n — 1 rotations on the left, then the
transpose of the same rotations on the right, and then adding o back into

the diagonal elements. This would require O (nz) operations per iteration
in the unsymmetric case, and O (n) operations in the symmetric case.
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It is easy to see that this shift strategy has not changed the eigenvalues
computed. It has hopefully served only to accelerate convergence:

AW = Q0T (A _ 50NQ + 5oQWTQ®
= QT 40 )
— A+ _ Q(k)TA(k)Q(k)
— (0O ...0NT A(0O) ... QFNT
Q7Y .- QM) AQ™ - Q™)

This result looks like the same result as for the unshifted QR iterations, but
now, the Q) are based on the shift parameter oj as well as A.

10.2 The Single Shift Strategy

How does one choose a shift 0,7 The simplest tactic is known as the single
shift strategy. It is based on the fact that shifting by an eigenvalue causes
deflation to occur in one step, at least in exact arithmetic. Therefore, it is
suggested that we attempt to choose an approximate eigenvalue to be the
shift.

Suppose that A has been reduced to an upper Hessenberg matrix H.
Then we can choose the (n,n) element of A®) to be the shift. It has been
shown by Stewart that this strategy yields quadratic convergence in the
unsymmetric case, and cubic in the symmetric case.

In the symmetric case, however, Wilkinson has given heuristic reasons
why an alternative shift, known as the Wilkinson shift, is a better choice.
Let H = A®). The Wilkinson shift is then defined to be the eigenvalue of
the 2 x 2 matrix

];NI hn—l,n—l hn—l,n

hn,n—l hnn

that is closer to hy,,.

10.3 The Double Shift Strategy

Unfortunately, in the unsymmetric case, the single shift strategy does not
work well if the eigenvalues of the block H are complex, since hy, tends to
be a poor approximation to an eigenvalue. B
Let H = A® | and let a; and as be the eigenvalues of H. If they are
complex, then we must have a; = @2. We can proceed as follows using these
complex shifts to obtain the next iterate A®*+1);
H—aI = UR; (QR factorization)
H = RU +a1l
Hy— a3l = UsRs (QR factorization)
AFD — = RyUs + aol
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It is easy to see that
Hy = (U U2) H(ULUY).

Suppose that we let
M = UyUsRsR;.

Then

M = U UsRyR;
= Uy(Hy —asl)Ry
= U HR; — axU1 Ry
= Uy(RUy + a11)Ry — asU Ry
= (H-aD)?+a1(H—-al)—as(H —arl)
= H?-2a1H + a2 + a H — a1 — aoH + ajasl
= H?—(ay+ a2)H + ajaxl
= H? —tr(H)H + det(H)I

and therefore M is a real matrix. It follows from the fact that M = ZR,
where Z = U1Us and R = RoRq, is a QR factorization of M that Z can be
chosen to be real, and thus Hy = ZTHZ is also real.

Since our initial matrix H and final matrix Hs are both real, it is desirable
to compute Hy without using complex arithmetic. We could proceed by
computing M, computing the QR factorization M = ZR and applying Z
to H to compute Hs, but constructing M directly can be computationally
costly (O (n?’) operations since H is Hessenberg), so this is not a practical
approach.

10.4 Double Implicit Shifts

Fortunately, we can show that its explicit construction of M is not necessary
to generate Ho. We can apply the Implicit ) Theorem and construct a
matrix Z; such that Z7 HZ; is upper Hessenberg, and Z; has the same
column as the matrix Z that triangularizes M. To compute this first column
of Z, we note that Z can be written as a product of Householder matrices
Z = Py --- P,_1 where each P; is designed to zero elements in column ¢ of
M below the diagonal. It follows that P,e; = ey for i > 1, and therefore
Ze1 = Plel.

We can compute P; very efficiently, as it is a Householder matrix con-
structed so that P; Me; is a mutiple of e;. Therefore, it is only necessary to
construct the first column of M, rather than the entire matrix. This column
has only three nonzero elements, so it can be computed in O(1) operations.

Once we compute P;, we can apply it directly to H. We then need
to construct the remaining Householder matrices P, ..., P,_1, but we know
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how to do so without computing the remainder of M: they transform PlT HP
to upper Hessenberg form.

We shall use the following 6 x 6 example to illustrate the process.

[hi1 hiz hiz hia his hig| [hit hi2 hiz hia his  his]
ho1 haa hos hos hos hos| |hor hoa hos hos has  hos
O hss hzz h3s hss hs O hss hzz h3s hss hse

M =
0 0 4z has has hae 0 0 /luz has has hae
0 0 0 hss hss hse 0 0 0 hss hss hse
0 0 0 0 hes hesl LO O 0 0 hes hes
[hi1 hi2 hiz hia his  hig]
ho1 hay hos hos has hog
O hss hsz h3a hss hs
— +t1
10 0 hus ha hay hag
0 0 0  hsy hss hse
(0 0 0 0 hg heo
(X x x x x X]
X X X X X X
X x X x x X
T 10 x x X X X
0 0 x x x X
|0 0 0 x x x|
And,
[h11hi1 + highot | [h11] 1]
ha1hi11 + haohai ha1 0
- ha2ha1 0 0
Mel— 0 — S 0 +1 0
0 0 0
| 0 ] | 0 ] 10]
[h3, + higha1 — shiy + t] (2]
hai(hi1 + hog — s) Y
_ ho1hsa _ |z
0 10
0 0

We shall now define Given’s Rotations, Rjs and Rj3 to eliminate the 27¢
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and 3™ elements of this matrix:
Ed /22 + 32 + 22

Ri3R12

S oo nNw 8§
o O O O O

We shall apply similarity transformations to H using these rotations yielding

C = Ri3R1sHRL, RY,

X X X X X x|
X X X X X X
X X hsz hss hzs hse| o7
= s 0 0 hgg hay hys Dy R
0 0 0 0 he hes
[x x x X X X ]
X X X X X X
o x o x x x x X
X 0 X has hus hag
0 0 O hsy hss hse
0 0 0 0 hss hes

We finish one Double Implicit Shift iteration by reducing this matrix to upper
Hessenberg Form. The entire process will require O (8n2) multiplications per
iteration.

As for the rate of convergence of this method, if

W [F®  G®
= [G(m H(k)]

where G*) = e K(¥) and ¢ < %]An_r — Ap|, then

||G(k+1)||E < LTE?)
’)\n—r - )\n‘2

However, this result is an asymptotic result, which is difficult to observe due

to its cubic nature. Generally, after about 2 major iterations the lower 1 x 1

or 2 x 2 block decouples from the rest of the matrix, and we can proceed

with a matrix of smaller dimension.
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10.5 Banded Matrices

One can show that for symmetric matrices, the bandwidth is preserved when
using QR iterations. Let A = A” be a matrix with bandwidth 2m —1. Then

ajl ... Q1m

Qp—m+1,n

p—m+1n .- Qnn

Then, according to the QR factorization of A,

A=QR=qi,...qn|R

a11 q11
G’Bm =y dim
q1,m+1
L 0 ] | din |
So, ¢1,m+1 = ... = q1n, = 0. Similarly,

Aes = 112q1 + r22qp2.

50, @2,m42 = ... = g2, = 0. And so,
_Q11 v dn—-m+1,1 - .- in_
dim
Q =
L dn—m+1n -+ Qrm_
Then,
AD — RQ
=Q"AQ
= QTATQ
= AT,
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So, QR iteration has preserved the symmetry of A in A, Furthermore,

And so forth, yielding,

- (1 1 1)
agl) aizzm—i-Ll aizl)
()

A A

NoR (1)

n—m+1ln " an”_
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However, AV = AWT go

— 1 1 —
NOSC

(1)

m

o) &)
| Upmiin - ann |
So, if one had a symmetric matrix with bandwidth 2m + 1, and one did not
wish to reduce this to tridiagonal form, one could perform QR Iterations
while preserving bandwidth.

10.6 Skew-symmetric Matrices

A Skew-symmetric matriz S is a real-valued matrix which satisfies ST = —8.
These matrices are normal matrices, have 0’s along the diagonal, and have
eigenvalues that are either 0 or are purely imaginary (which occur in complex
conjugate pairs).

To find the eigenvalues of these matrices, the double implicit shift strat-
egy for QR iterations can be employed. We will show in the homework
that the iterates formed in this manner will maintain the skew-symmetric
property. Thus, if these matrices have been reduced to tri-diagonal form via
unitary similarity transformations, the zero values along the diagonal should
be preserved, and only n — 1 values need to be stored and computed at each
iteration.

10.7 Constructing the Singular Value Decomposi-
tion

To construct the SVD of a matrix A, we would like to exploit the fact
that the orthogonal matrices U and V are the Schur vectors of AAT and
AT A respectively. This suggests that we could use QR Iterations on these
matrices, but explicitly forming these matrices is undesirable. Our first
step should be to reduce A to some more simple structure via orthogonal
transformations. Since the SVD involves pre- and post- multiplication by
different orthogonal matrices, this seems natural for the reduction process
as well. In doing so, we can reduce the matrix to Upper Bi-diagonal Form.

To perform this process, we shall perform one step of the standard QR
Factorization process, constructing a Householder matrix, P, which elim-
inates all elements below the diagonal. We will then apply a Householder
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transformation, Q1 on the right so that the elements to the right of the
super-diagonal in the first row are eliminated. This transformation will only
act on the columns (2,...,n), so the zeros along the first column will be pre-
served as shown below. I am giving what appears to be a square example,
but this does not need to be the case.

B T

ailp al2 agg

_ T
A= a21 G22 Az

a3 azy  Ass

T
a11 @12 ajs
A =PA=|0 ay ayy

i agy 33 |
(a1 ar aly |1 o o
AD =409, = [ 0 a5P alVT| [0 ¢n df
0 ald® ALY | |0 an Qs

0 ay Ay

We will then repeat this process to eliminate the non-zeros below the
diagonal in the second column of AM) (i.e., eliminate agg)) and eliminate the
non-zeros to the right of the super-diagonal in the second row (i.e., convert
az(é)T to bgge{). And so forth, reducing the matrix A to Upper Bi-diagonal
Form. Note that at the n!* step of the above process, we do not need to
apply a matrix (), on the right, but we do need to apply P, on the left if A
is not square and A, x, with m > n. The reverse is true if m < n (i.e., we
apply only @,). For the remainder of the discussion, I shall assume m > n.

Now, we have

A(n):Pn"'PlAQl"'Qn—IZPAQ: [B]

0
Thus, if
B=XxYT,
A=PX m YTQ
_ |2y
o

Recall that Householder Transformations are symmetric, and orthogonal.
We could proceed by constructing BT B and BB”, but this has poor
numerical stability properties. Instead, we will use the matrix

~ 0 B
)
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This matrix has eigenpairs given by:

RN EH

ie., By = \x
and, BTx = \y.
So, BTBy=B"x
— A2y
= o’y.
And, BBTx = ABy
= \%x
=o’x

So B has eigenpairs given by

(A, [X]) and (=), [

Yy

=)

X

where x is an eigenvector of BBT and y is an eigenvector of BT B, each of
which has corresponding eigenvalue A? for their respective problem. Note

that we could have chosen (—A\, [—yx]) as an alternative since this is just a

scalar multiple (-1) of the other choice.

There is one more modification to this procedure that we can make. The

matrix, B is of the form

~ 0 B
B=lpr o
[0 ar B
0 (65)
_ 0
aq 0
fr ag 0
L Brn-1 an

Bn—l

Qo

0

This matrix has a very large bandwidth that will get filled quickly wtih QR

Iterations. If we say these rows and columns are ordered (1,2, ...,

2n) then

applying the column permutation (n + 1,1,n + 2,2, ...) and likewise to the
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rows, we obtain the matrix,

0 (651
ap 0 B
. - fr 0  a
B =1IBII" = . .
ﬁn—l (679
a, 0

An alternative approach is to implicity apply QR iteration to the sym-
metric matrix BT B. At each iteration, the lower 2 x 2 block of the matrix
Ak = BW=*BK) where BO) = B, can be computed in order to obtain
the Wilkinson shift, and the Implicit () Theorem can be applied as in the
double implicit shift strategy to uniquely determine the matrix that upper-
triangularizes A®). In this case, the additional Householder matrices are
selected so as to restore B*) to bidiagonal form.
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Lecture 11

The Generalized Eigenvalue
Problem

11.1 Comments on QR Iterations

QR iterations are useful for finding all the eigenvalues of dense matrices,
particularly for real matrices, as complex eigenvalues can be found with-
out resorting to complex arithmetic. Complex matrices can also be used
with this method. For symmetric matrices, if you pre-process the matrix so
that it is reduced a tri-diagonal matrix, iterations only require O (n) floating
point operations. QR iterations will also preserve bandwidth for symmet-
ric matrices. For skew symmetric matrices the iterations will preserve the
skew tridiagonal structure that these matrices can be reduced to, finding
the purely imaginary eigenvalues with real operations. The method is also
useful for finding singular values.
The basic procedure is as follows:

1. Reduce the matrix to one of the following forms:

If A= AT, reduce to tridiagonal form.

(a
(b
(c
(d

If AT = — A, reduce to skew tridiagonal form.

If A is not one of the above, reduce to upper Hesenberg form.

—_— — — ~—

If singular values are desired, reduce to bi-diagonal form.

2. Apply QR iterations with double implicit shifts. This will preserve the
reduced form of the matrix after each iteration.

3. The product of rotation matrices (Householder reflections, or Gram-
Schmidt projections) yields @ from the Murgnahan-Wintner form (or
Schur form if the eigenvalues are real-valued). A yields R from the
Murgnahan-Wintner form. The desired eigenvalues can be extracted
from the block diagonal.
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11.2 The Generalized Eigenvalue Problem

Suppose we wish to find eigenpairs (), x) such that
Ax = ABx. (11.1)

This problem is much more delicate than the standard eigenvalue problem
as shown in this simple 3 x 3 example.

1 00 1 00
0 1 0 X; = )\Z’ 0 € 0 X;.
0 0 0 0 0 0

Clearly, x1 = ey with corresponding eigenvalue Ay = 1. This pair was simple
enough, but the problems appear in the other two pairs. The second pair
is (eq, %) This is numerically difficult to obtain, as a small perturbation
in the matrix can yield a very large change in this eigenvalue. The third
pair is even more difficult to deal with. The third pair is (e3, A); i.e., any
value for A will satisfy the generalized eigenvalue equation (11.1) if eg is
used for x. Thus there an infinte number of potential eigenvalues. This
scenario was clearly not possible in the standard case, and will be difficult
to detect with a computational scheme. The basic structure of this problem
which corresponds to the Jordan Canonical Form is called the Kronecker
Canonical Form. 1t is rather complicated to describe, so we shall not do so
here.

11.3 The QZ Algorithm

The basic algorithm associated with this problem was derived by Moler and
Stewart, and is called the QZ algorithm. The basic idea of the algorithm is
to use different orthogonal matrices on the left and right of A and B (i.e.,
replace A with QAZ and B with QBZ) to simultaneously reduce the matri-
ces to upper triangular form. Then, the eigenvalues are easily obtained via
the diagonal elements (i.e., A\ = %) Notice that pre- or post-multiplication
of both sides of (11.1) by a unitary matrix is analogous to performing a
similarity transformation in the standard eigenvalue problem, since if () and
Z are orthogonal,

QAx = \QIx
= QAQ"y =)y,
and

AZx =N Zx
= 72T AZx = \x.
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Without loss of generality, we shall assume that B is an upper triangular
matrix. If this is not the case, we shall compute the QR factorization of
B = @R, then multiply both sides of the generalized eigenvalue equation by
the matrix Q7, yielding the desired forms. Thus,

aip a2 ... A1n T b11 b12 e bln T

a1 agzy ... A2, 9 0 522 e bgn 9
=

anl An2 .. Gpnl| |20 0O ... 0 byl |zn

Now, we shall apply the rotation @, —_1, to zero out the a,; element, and
perform the same operation on B:

ail a2 N QA1n
Qn—l,nA = , ’ , , ) )
ap—1,1 Ap—12 -+ Qp_1p
! !
| 0 Qpg - Opy
b11 b12 “e bln
Qn—l,nB =
/ b/
. n—1n—1 n—1n
/ /
L 0 e n,n—1 brm

However, this introduces a new non-zero element below the diagonal in B,
so we must apply the rotation Z,_1, on the right of A and B to return B
to triangular form. It should be clear that this does not introduce new non-
zero elements to A, as only the n — 1% column and the n'* column of A are
modified. This process of applying rotations on the left and right can proceed
until A is upper Hessenberg, for when we try to eliminate an element on the
sub-diagonal of A, it introduces a non-zero element in the same location of
B, and similarly, applying a rotation on the right to eliminate the newly
created element on B will place a new non-zero in the spot that was just
eliminated in A. So,

QAZ = H, QBZ=T

where H is upper Hessenberg, and T is upper triangular, yielding the gen-
eralized eigenvalue equation

Hy =Xy = HT 'Ty=J\Ty,

if we assume that T is invertible. Now, we have the simpler problem of
applying QR iterations to HT ! with double implicit shifts.

It would be nice to think that we could do this without explicitly con-
structing 77!, and this is indeed the case. To construct the shift, we only
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need to know the bottom right 3 x 2 block of T' (one element of which is
known to be 0 since T is triangular). Thus, we need 5 elements of 77!,
and these 5 elements are easily constructed. If real arithmetic is used in
the complete implementation, B will tend to a Murgnahan-Wintner type
of Block Triangular matrix (with 2 x 2 blocks that correspond to complex
eigenvalues), and A will tend to triangular as iterations proceed.

11.4 Symmetric Positive Definite Generalized Eigen-
value Problem

Suppose A = AT and B is symmetric positive definite, and we wish to solve
the generalized eigenvalue problem (11.1). Clearly, the QZ algorithm will
not preserve the symmetry of the problem, so it may be more practical to
convert it into a symmetric standard eigenvalue problem as follows: Let
B = FFT, which could be performed using Cholesky factorization. Then,

Ax = ABx
= \FFx
= F1Ax = \FTx
=  F'AFTFTx=)F"x
= F1AF-Ty = )\y.
We can now compute the eigenvalues and eigenvectors of ¢ = F~1AF~T.
The power method might be a good choice for this problem, as C' would

not need to be formed explicitly, as would be necessary for QR iterations to
proceed.

11.5 Constrained Maximization of the Quadratic
Form

Often one wishes to find

for a symmetric matrix A. This is the same problem as finding the largest
eigenvalue of A. However, suppose you also want to impose the additional
constraint

cTx =o.

One application where this problem arises is in statistics. Suppose we just
solved the least squares problem

min ||b — CTx]s.
X

78



The normal equations tell us that
c’'cx=C" = r=b-0%, C'r=0.

Then, we desire knowledge of the maximum value of E?:_ll (riy1—7;)%. How-
ever,

n—1 -1 1 1

Z(”"'l - Ti) = [1 1 1]1><n—1 . .

=1

‘ -1 1 n—1xn L'
—17Br.

So, we are maximizing

n—1
Z(Ti+1 — m)2 =r'B"Br=r" Ar
i=1

where A = BTB = AT,
To solve this problem, we can use Lagrange multipliers. Let

d(x, A\, 1) = xTAx — xTx + 2xTCp.
We then set V¢ = 0. This yields
0=Ax—Xxx+Cpu
=CTAx - \CTx+CTop
=CTax+cTcu
p=(CTCc) T Ax.
Thus, we obtain our solution by finding the largest eigenvalue of
Ax — x4+ C(CTe)ytcTAx =0
ie., [[—c(CTo) et Ax = ax.
Notice that P = (I — C(CTC)~'CT) is a symmetric matrix, as is A by
assumption, but the product is in general no longer symmetric. However,
P? = PP
=I1-20CTe)y et + ety tetectoy-tet
=1-c(cTo)y e
=P

Thus P is a projection matriz. Therefore, instead of looking for the largest
eigenvalue of PA, we shall look for that of P?A. However,

A(P?A) = A(P(PA)) = \((PA)P) = \(PAP),
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and PAP is a symmetric matrix. Furthermore, since C' is an n X k matrix,
)\n_k+1 = ... = An - O

Now, we can substitute the QR factorization of C into P:

c-alf]

P=1,-Q m (RTR)"'[RT, 0] Q"

:In_Q[% 8:|QT
-a|y 0 |a"
PAP = Q[O In_]QTAQ [0 I ]QT.

Since we are interested in computing the largest eigenvalue of PAP, we can
ignore the outer Q and Q' as this is a similarity transformation, and look
at the largest eigenvalue of

0 0
bl Jaely i)

Let us now define

Then,

0 Ty 0 O 0 O

b emael L1 2
Therefore, A(PAP) = A(Ag) U {0}.

So, we have two algorithms for solving our problem. First, we can con-
struct P, and then find the eigenvalues of PAP. Alternatively, we can
compute the QR factorization of C, construct /122, and find the eigenvalues
of 12122.

Which algorithm should be used? flgg has none of the data structure
that previously existed, but we now have a smaller problem to deal with.
Therefore, if we want to preserve the data structure, we should use the first
algorithm. This is particularly true if only a few constraints are needed, for
then we can use the power method to exploit the data structure.
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Lecture 12

Constrained Least Squares

and Introduction to Lanczos
Method

12.1 Constrained Least Squares Problem

12.1.1 Lagrange Multipliers

Suppose we were given A,,«n, b, and a scalar «, and wished to find the
vector x such that ||b — Ax||y is minimized, while maintaining [|x[[2 = a.
We could solve this problem by using Lagrange multipliers, constructing the
potential function

¢(x, ) = [[b — Ax|[3 + A(|Ix[)5 — )
= (bT — xTAT)(b — Ax) + )\(xTx — az).

Setting the gradient of this function with respect to = (and not ) equal to
zero yields the equation

Vep=—24Tb + 24T Ax +2)x =0
which has the solution
x=(ATA+2)"1ATD.

provided the inverse of AT A + I exists. Substituting this result into the
constraint ||x||3 = o? yields

Y(\) =bTAATA+ A)2ATb - % =0.
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Let A = USVT be the singular value decomposition of A. Then our con-

straint equation becomes

P\ =0 =blUsvT(vETUTUusvT + AD2vETUTb — o2
= b USVT(VETE + XDV 2vsTUTb — o?
=bTUSVI(VETS + A)VIVETS + ANV lveTUTb — o2
=bIUS(STS + A1) 722TUTb — o2

Letting # = UTb, we arrive at

- 252
V) = 3 s — et =0

i=1

Thus, 1/()\) has a pole whenever A = —o2. Furthermore, 1/()\) decreases from
oo to —a? as A goes from —c2 to oco. Hence, after computing the SVD of
A, we could use a non-linear equation solver, such as Newton’s method, to
find X such that the constraint equation is satisfied. Then, we can obtain
the solution vector, x. The algorithm is summarized as:

Algorithm 12.1. (Constrained Least Squares Solution)

Given A, b, and o?,

Compute the SVD of A. (Lots of work)

Compute 8 = UTb. (Trivial)

Solve 1h(A) = 0 for A. (Some work)

Solve for x either (AT A+ A)x = ATb or V(27 + A)VTx = VT4, (Some work)

12.1.2 Quadratic Eigenvalue Problem

An alternative method for solving the Constrained Least Squares Problem
is to construct the (n+ 1) x (n 4 1) system of equations:

(ATA+ AI)? ATb} H o

b’ A o? 19
That is,
(ATA - AD)*u+ ATbe = 0, (12.1)
VI Au+a?¢ = 0. (12.2)

Equation (12.1) says
u=—(ATA+)24Tbe
which can be substituted into (12.2) yielding

(=bTAATA+ A)72ATb + o%)¢ = 0.

82



Setting £ = 1 to obtain non-trivial solutions yields the same equation gener-
ated from the Lagrange multipliers approach. If, however, we solved (12.2)
for £ to obtain

£ = —%bTAu
a

and substituted this expression into (12.1), we obtain
1
[(ATA+AI)? — — ATbb" AJu = 0.
a

Hence, if we can solve this quadratic eigenvalue problem, perhaps using the
method discussed earlier in the quarter, we can avoid computing the SVD
of A.

12.2 Introduction to Lanczos Method

The Lanczos Method is primarily used for computing the eigenvalues of A
where A is symmetric (which we shall assume throughout this discussion),
although it can be extended for non-symmetric matrices. The basis of the
method is in computing the coefficients of the characteristic polynomial:

d(N) = o+ E N+ oo F E AT\

Recall that if A\ is an eigenvalue, ¢(\) = 0. Furthermore, the Cayley-
Hamilton Theorem tells us that A satisfies its own characteristic equation;
i.e.

PA) =&l + & A+ .+ G A — A" =0.
Thus, if we let q be an arbitrary vector such that ||g|l2 = 1, we have
¢(A)a = &q + & Aq+ ... + &1 A" g - A"q = 0.

This suggests that we can compute the coefficients of the characteristic poly-
nomial by solving the system of equations

[a, Aq, ..., A"lqJ¢=A"q

where £ = [ & & ... & ]T. If we define the Krylov Sequence {q;}
according to qg = q, q;+1 = Aq; for i =0, ...,n — 1, this can be expressed as

@0 a1 -+ dn-1]E=an,

or simply Q¢ = q,.

Unfortunately, this method breaks down very easily. For example, if qq
is an eigenvector of A, then rank(Q)) = 1. Similarly, if qg is in a subspace
spanned by only r eigenvectors of A, then rank(Q)) = r. Furthermore, even
if qp has non-zero components in the direction of each eigenvector of A,
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Q@ will be highly ill-conditioned for large n, because qj is the result of k
iterations of the power method without rescaling the iterates. Hence the
last columns of @ look very much like the eigenvector that corresponds to
the largest eigenvalue of A. This problem becomes even more dramatic if the
eigenvalues are spaced far apart in modulus, which is a property we would
ordinarily like for solving an eigenvalue problem.

Instead of looking at Q¢ = q,, we will look at the normal equations
QTQ¢ = Q" q, (which is even more horribly ill-conditioned). The (r+1,s+
1) element of QTQ is given by

(QTQ)r11,501 = ar as = qp A A*qo = af A qo = iy

Thus, i i

Ko H1 o M2 Hn—1
M1 p2 B3 .. Hn

Q"Q=1| po ps
: : H2n—3
Hn—1 Hn .- H2n—3 H2p—2 ]

Notice that each counter diagonal has the same value. Any such matrix is
called a Hankel Matriz. Systems of equations involving Hankel matrices can
be solved using O (n2) operations. In our case, QTQ is symmetric positive
semi-definite.

If Az, = A\z; for i =1,2,...,n, then g = > | ;z;. Hence,

pe=qA’q=>» Naoj = /A’"da(A)-
=1

Thus, p, is a Stieltjes integral, where the distribution function «(\) is a step
function which takes the value oz? for A between \; and A\;11. We mention
this only for reference purposes, not as a computational scheme.
If A+ AT then
ar419s+1 = qg (A") " A%qq

does not lead to a Hankel Matrix. Instead, we must define two sequences,

a- = A"qo forr=0,1,...n—1
Ps = (AT)spo for s=0,1,....,n — 1.
Now,
(PTQ)rs1,541 =Py (A7) Aqo = poA™ o = pyps.

This matrix is a Hankel Matrix. Furthermore, it is symmetric, but it is
not likely to be positive semi-definite. We can then express qg as a linear
combination of the right eigenvectors of A, qo = Y1, a;z; where Az; = \;z;,
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and pg as a linear combination of the left eigenvectors of A, pg = 2?21 Bjv;j

where ATv; = \;v;. Then, since V?Zi =0 for ¢ # j, and VZTZZ' = s,

Hrts = Zaiﬁisi)\z—i—s = /AHSdV(/\)
=1

only if ;;3; > 0 so that the measure () is positive and increasing. Some-
times, one ignores this detail and performs formal manipulations anyway.

Returning to the symmetric case, we have an efficient method for solving
the normal equations, but, as mentioned before, the system is horribly ill-
conditioned. To alleviate our troubles, we will try to find a different basis
for our polynomial vector space, and hence a different representation for the
characteristic polynomial:

dN) =&+ E N+ oo+ En AV N7
= 10po(A) + mp1(N) + o + D 1Pp—1(A) + Dapn(N).

One possibility would be to choose the Chebyshev polynomials. These
polynomials form an orthogonal family with respect to the weight function

\/ﬁ, not the measure (). If we choose to proceed in this fashion, we

would need to manipulate v, = [ p,(\)da()) instead of p, = [ Ada(N).
The Lanczos method will generate a set of polynomials {p;(\)}I'_, that are
orthogonal with respect to a(\). That is,

/pr()\)ps()\)da()\) =0 for r # s.
Note that all orthogonal polynomials satisfy a 3-term recurrence relationship

pr—i—l()\) = ()\ - ar—i—l)pr()\) - 57?137“—1()‘)7
p-1(A) =0,  po(A) =1

Thus,

pr-i-l(A) = (A - ar-i-lI)pT(A) - ﬂ?,pr_l(A)
= pr—l—l(A)qO = (A - ar—l—lI)pr(A)qO - ﬁfprq(A)(lo,

(i.e., we have generated a sequence of orthogonal vectors). Let x,, = p,(A4)qp.
Then,

Xr4+1 = (A - ar—i-lI)Xr - 57?)(7’—1'

We will show how to choose the recursion coefficients «; and (3; such that

Ty —
X, Xs = 0 for r # s.
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Lecture 13

Lanczos and Orthogonal
Polynomials

13.1 Chebyshev Polynomials

Given a matrix A, we devised an algorithm for finding the coefficients of its
characteristic polynomial ¢()\). Recall

dA) =L+ EA+ . F &A=

Unfortunately, this method involved solving a horribly ill-conditioned system
of linear equations. To solve this problem, we proposed finding a new basis
for the space of polynomials of degree n, and finding the coefficients of ¢
with respect to this new basis. Hence, we wish to define {p;(\)}l-, and
compute {nj};-‘:_& such that

d(A) = nopo(A) +mp1(A) + - + N—1Pn—1(A) — NP ().

We would like p;(A) to be a monic polynomial of degree j, and {p;(\)} to
be an orthogonal family. With our choice of monic polynomials, we can
conclude 7, = —1 (as with the standard polynomial basis). We mentioned
two possibilities; the first was to pre-select a family of such polynomials, the
second was to construct one on the fly.

Suppose A is symmetric positive definite. Let us define A = I — aA,
with a = MLA”, so that each eigenvalue A of A satisfies —1 < A < 1. We
can then choose the Chebyshev polynomials

pj(\) = cos(j cos™t \) for |A| <1,
= cosh(j cosh™! \) otherwise.

Each polynomial in this family undergoes equi-oscillation between £1 on the
interval |A\| < 1. Also, as a family, they are the smallest orthogonal polynomi-
als on the interval |\| < 1, and they grow the fastest outside of this interval.
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Furthermore, the 3-term recurrence relationship for these polynomials is
pj+1()\) = 2)\]?]()\) — pj_l()\). (131)

If we define p_1 = 0 and choose pg arbitrarily, we can post-multiply the
above expression (13.1) by po and hence define a sequence of vectors, ac-
cording to )

Pj+1 = 2Ap; — pj-1,
or, equivalently, p; = pj(fl)po. We can then find the coefficients of the
characteristic polynomial for A by solving the system Pn = p,, where P =

[po pn_l] and n = [770 77”_1]. If we solve this system via the
normal equations PT Pn = PTp,,, and write

n
Po = E a4,
i=1

where each u; is an eigenvector of A satisfying

Aui:/\iui, lwillo =1, i=1,...,n,
then
(PTP)T+1,3+1 = ( ( )pprs(A) )
= pyor(A)ps(A)po
= Za?pr()‘ Ps(A
i=1
= /pr()\)ps()\)dfr()\).
But,

Pr(A)ps(A) = cos(r8) cos(sh)
_ %(cos((r + $)0) + cos(|r — 5(6))

where 8 = cos™! \. Therefore, if we define

then
[0 a0 = 5 [ Grea0) + - ) 850V
= 2 (aT’-‘rS + a|r—s|)
= (PTP)y1 611
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W

Note that we will compute the inner products, and exploit this “a” repre-
sentation:

[ o a] Q9 Qp_1 i Qo a1 Q... Qp—1
aq Q9 Q3 . (7% o1 ap o
Tp_ 1 : 1 .
PPP=g|a a a ot e w e a
Qon—3 I ap oy
| On—1 Qn ... Q2p—3 Q2p-2 ] ap—1 ... Q9 Q1 o0

1 1
=3 < Hankel > —1—5 < Toeplitz > .

Recall that any matrix that is constant along its diagonals is called a Toeplitz
Matriz. Just as there are fast (i.e., O (n?)) solvers for Hankel Matrices, there
are Fast Toeplitz solvers, and a recent development due to Heinig has yielded
algorithms to solve Hankel+Toeplitz matrices in O (n2) operations, without
explicitly separating the two parts.

This yields a more stable computation of ¢(\). To compute the eigen-
values, we still need to find the roots of ¢(A). If we were to use Newton’s
method, we would need derivatives, so we would differentiate the recurrence
relation as discussed in an earlier lecture.

13.2 Determining The Orthogonal Polynomials “On

The Fly”

Since Chebyshev polynomials are not orthogonal with respect to 7()\), how
would we construct a family of orthogonal polynomials “on the fly”? All or-
thogonal polynomials on the real line satisfy a 3 term recurrence relationship
of the form:
pi+1(N) = (A — aj11)p;(N) — B7pj—1(A) (13.2)

where p_1(A) = 0 and po(A\) = 1. Furthermore, given any set of coefficients
{e, B;}, there exists a measure on which {p;(\)} forms an orthogonal family.
And, for any measure, there exists a set of parameters {«a;, 3;} such that an
orthogonal family can be constructed using (13.2).

Then, by plugging A into (13.2), and post-multiplying by a non-zero
vector pg with ||pgll2 = 1 as follows:

pi+1(A)po = (A — aj11)p;(A)po — B7pj-1(A)po,

we can generate a sequence of vectors x; = p;(A)xo with xg = po and
x_1 = 0. Now, we can choose a; and (3; such that this sequence of vectors
are orthogonal for j =0,...,n — 1.

We wish to constuct x; so that it is orthogonal to xg. We have

X1 = (A - ()éll)Xo
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and by taking the inner product of both sides with xg, we obtain

=0=xx1 =%} (A —al)xg
ngxo
= ] = T
Xy X0

We now have 2 vectors, and we can proceed by induction. Suppose we have
J + 1 mutually orthogonal vectors {xo,...,x;}. Then,
Xj+1 = (A — ajl)x; — B7%;-1.
T T 2T
Xj Xj1 = X; (A —ajpl)x; — Bix; Xj-1

= x;*-F(A — ajl)x;.

T
X;Xj41 =0
foxj
= 041 = To -
X] Xj

Similarly,

Xj_1Xj1 = X5y (A — ey D)%) — B7%]_ 1%
= x;‘-F_lej — ﬁf—x;‘r_lxj_l.

x?_lxj+1 =0

x]T_lej

T
Xj—l

2 _
= 3 = Xj_1'

How do we know 3; > 07 Since A is symmetric,

T , T A .

52 xj_le] X; Axj_q

T T T w. . oT «. "
X 1Xj-1 X5 1Xj-1

But,
X5 = (A — Oéj[)Xj_l — 52Xj_2.
R X?Xj = X?AXj_l.
So,
6]2 - TX]TXj :
Xj_1Xj_1

Now, we have constructed x;41 so that it is orthogonal to x; and x;_1.
Is xI'xj11 =0 for k < j—1? We have

T T T 2T
X Xj+1 = X AXj — o 1xp X5 — 81X X1
N
= xj, Ax;

= x;*-FAxk.
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But,

2
X1 = (A — a1 ) xg — Bixp—1
T T T 2T
= X; X1 = Xj AXp — ap1X; X — X Xp—1

ie., XJTAxk = 0.

So, xgxﬁl =0for k=0,1,2,...,5.

Algorithm 13.1. Generation of Orthogonal Vectors and Polynomi-
als

Given xg.
_ xF Axg
a1 = ~Txo
0 X0

X1 = (A - Oél)IX(].
for k=1,...,n,

xT Axp,
i k
Apy1 = xTxp,

B2 = X X

k Xj_ X1
2

X1 = (A — app1 D) xp — Bixp—1-

end

An alternative perspective on this computation is,

(o B2 0 ... 0
1 (%) 5% :
A [XO7 cey Xn—l] = |:X()7 P Xn—l] 0 . . 0

: 1 anq 2
0O ... 0 1

(ie., AX = XJ or A= XJX ! where J is a tridiagonal matrix). Thus,
finding the eigenvalues of A is the same as finding the eigenvalues of J.
Furthermore, there exists a matrix, D = diag(1,d;,ds, ...,d,—1) where d; = 1
if 622 =0,d; = % otherwise. Then, K = D~'JD where

VB2

(01 B 0 0
f1 az  Po
K=1lo . = 0
: Bn—2 Qn-1 Pn-1
| 0 0 Bnr an |

Thus, A = QKQ~!. Furthermore, we can show that Q=1 = Q7.
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This algorithm requires storage of only 2 vectors at a time. It is optimal
for large sparse matrices as only a matrix-vector multiplier is required. It
yields the coefficients needed to define an orthogonal family of polynomials
or it defines a tridiagonal matrix, that is similar to A. Hence, it is useful as a
preliminary computation for QR iteration, or for yielding the characteristic
polynomial to be used with Newton iterations, or some other root finding
algorithm.

If we want eigenvectors, we need to store all of the vectors x;, as well
as needing to find the eigenvectors of the tridiagonal matrix, K. Often,
one performs this algorithm, and then uses a method to regenerate the x;
which were not stored. Secondly, this algorithm will break down if xg is an
eigenvector, since under these circumstances, «; is an eigenvalue, and then
x1 = 0. This is not entirely bad, though, because now we can deflate our ma-
trix and restart. Similarly, if xg is in a subspace spanned by p eigenvectors,
x, = 0 and we can again deflate.

92



Lecture 14

Lanczos Algorithm and Error
Estimates

14.1 Steepest Descent

Let A be an n x n symmetric positive definite matrix, with eigenvalues

AL 22 Ay >0,

and corresponding eigenfunctions z;, ¢ = 1,...,n. We have seen that the
Rayleigh quotient
B xT Ax
r(x) = T

achieves its maximum value at A1, and its minimum at \,.

This suggests a simple algorithm for finding these extremal eigenvalues.
We choose an arbitrary starting vector qi, with ||q1]l2 = 1, and then follow
the direction of steepest ascent to obtain an improved approximation to Aq,
while following the direction of steepest descent to improve our approxima-
tion of \,. We can continue this process until our approximations converge
to the desired eigenvalues.

From multivariable calculus, we know that the direction of steepest de-
scent of r(x) from x is Vr(x), and the direction of steepest descent is
—Vr(x). Therefore, we can refine our algorithm as follows:

Choose arbitary q; so that ||q;|l2 =1
for k=1,2,...
Qe=|aa - ai|
Let T}, = Q%AQR
Let T}, = SkMkS,z be the Schur decomposition of T}
with diag(My) = (01,...,0), 64 > -+ > 0
u; = QrSker
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Vi = QrSker
Choose qg41 orthogonal to {qi,...,qx} so that
Span(q17 s aqk-i-l) = Span(qlv - gk, vr(uk)) and

span(qy, - .., qr+1) = span(qi, . . ., qg, V7 (vg))
end

Since each approximation My to A\; and my to A, is obtained by taking the
maximum and minimum values of 7(x) over a larger subspace, clearly these
approximations converge to Ay and J\,, respectively, while the vectors uj
and v converge to the corresponding eigenvectors.

It may seem impossible to expand the subspace spanned by the columns
of Qi as prescribed in the above algorithm, but it is actually quite simple
to do so, since

Vr(x) = %(Ax — r(x)x).
Therefore Vr(x) € span(x, Ax). It follows that for each k, the columns of
Q. span the Krylov subspace

IC(A7 qi1, k) = Span(qb AQL s aAk_lql)‘

Let
K(A7q17k) = [ a1 A(ll,---aAk_l(ll ]

Then @y, can be constructed by orthogonalizing the columns of K (A, qi, k).
This could be accomplished by computing the QR factorization, but this is
not practical because the columns of K(A,q,k) need to be computed up
front, and these columns tend to become linearly dependent as k increases,
as we saw when we discussed the power method. The Lanczos algorithm is
an alternative approach that computes the columns of Q5 on the fly.

Let

K(A7 q1, k) = QkRk
be the QR factorization of K(A,q, k). Then,
QgAK(Aa qi1, k) - Hk
is an upper Hessenberg matrix. It follows from
QnAQnQy K (A, a1, k) = (Qy AQn) Ry, = Hy
that T}, = QL AQ,, is Hessenberg, and, due to its symmetry, is in fact tridi-
gagonal. We will see that the Lanczos algorithm computes the entries of T},

and the columns of @,, simultaneously.
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14.2 The Lanczos Algorithm

Let A be a symmetric matrix. Then A can be reduced to a symmetric tri-
diagonal matrix via orthogonal similarity transformations as we have shown
in previous lectures. Hence A = Q,,7,,QT, and

-041 51 0 0
fr ax o

: . ﬁn—2 Qp—1 ﬁn—l
0 oo 0 ﬁn_l (7% ]

Then, AQ = QT implies

Aqj = Bj—19;-1 + ajq; + BQ 41
Biqj+1 = Aq; — Bj-19j-1 — @;q;,

= 18] = [[Aq; — Bj-19-1 — o;q;l|2,
and, q; = Aqj — Bj-19;-1 — ®;q;-

Which suggests the following algorithm:
Algorithm 14.1. (Lanczos Algorithm)

Initially, ro = q; such that ||qi]l2 =1, 8o = 1, qo = 0, and k = 0.
while §, # 0

Qi+1 = i/ Bk
k=k+1.

o = qf Aqy.
ry = (A —oarl)qr — Br—1qr-1-
Br = [|Irkll2-

end

Notice that if A is positive definite, each aj > 0. Also, if A\; = ... = A,
then there exists 3;; = ... = f;,_, = 0, and the basic algorithm breaks down.
However, this only means that we can deflate our matrix, and restart with
a smaller one.

14.3 A Posteriori Error Estimate

Suppose we have performed k steps of the Lanczos Algorithm. Then, let
Qc=[ai, - ai], QfQr=1and

AQy = QiT} + rre},
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where T}, is the leading k x k block of T'. Let T}, = SkMkS,z be the spectral
decomposition of T;. The diagonal elements p1, ..., ur of My are known as
the Ritz values. Then, the columns of Y = QpSi = [yl, R yk], known
as Ritz vectors, should approximate k eigenvectors of A. Since |ly;|l2 = 1,
our analysis earlier in the quarter showed that the interval

A=l < = | Ay; — piyill2

contains an eigenvalue of A. Furthermore, one can show that this is an
exclusive interval as well (i.e., there exists at least one eigenvalue outside of
the interval also).

Also,

AQp, = QTy + rel.
= AQySk = QiTi Sy + rrel S
= Qi Sk My + rie} Sy,
AYy, = Vi My, + riel Sy.
= Ay; = piy; + (egSej)rk.
v = 1 Ay; — 135l
= [|lrk/l2sk;]
= | Bl |skjl

since Q41 = ri/B and [|qgl|2 = 1. Notice also that sj; is the 4t element
in the bottom row of Sy, (i.e., the last element in the j** eigenvector). Thus,

A = ] < |Bellswjl-

Thus, if k£ eigenvalues are desired, we can quickly check the last element of
the eigenvectors to avoid performing too many iterations.

Suppose we want the smallest eigenvalue, and g < po < ... < g, after
k steps. If we aren’t satisfied with our error bounds, we can restart with
q1 = y1. To see this, let n = Qx&. Then,

_nTAy . ETQLAQRE
min T = mmﬁ =
n#0 n'tn £#£0 e

because QgAQk = T;. Hence using this as the restart vector is akin to
applying Lanczos in a steepest descent mode. Along a similar line, Hestenes
and Karusch, and earlier still by Kantarovich, analyzed the following scheme:

Algorithm 14.2. Steepest Descent for the Eigenvalue Problem

Given an initial vector x; with ||x;|]2 = 1.
while unconverged
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Qk = x{Axk.

7, = Axy — 0pxp,.
T

Yk+1 = axy + bxy where [ﬂ is the eigenvector of <[)Z(§“«] A [xk, zk]>
k
that corresponds to its smallest eigenvalue.

Xk=1 = Yk—l—l/HYk—l—IHZ'
end

14.4 Kaniel-Paige Convergence Theory

In the previous section, we obtained error estimates for the Ritz values of
T}, but we still know nothing about the rate of convergence. The following
theorem, from Kaniel-Paige theory, sheds light on this aspect of the Lanczos
algorithm.

Theorem 14.1 Let A be an n X n symmetric matrix with eigenvalues A\; >

- > A\, and corresponding orthonormal eigenvectors zi,...,z,. If 6; >
-+« > 0 are the eigenvalues of the matrix T} obtained after k steps of the
Lanczos iteration, then

tan(¢)?

M >0 > A= (A= An) (ck—1(1 +2p1))2

where cos(¢1) = |al'z1|, p1 = (A1 — X2)/(M2 — \y), and cx_1 () is the Cheby-
shev polynomial of degree k — 1.

Proof Since 6, is the largest eigenvalue of T}, and each Lanczos vector qy, is
of the form qx = pr_1(A)qi, where py, is a polynomial of degree k, it follows
that

y' Try
max T
y#0 y'y
o Y @k AQky
y#0 yT QI Qry
ai p(A)Ap(A)a:
pePi-1i qf p(A)?q

where Pi_1 is the space of all polynomials of degree at most k£ — 1. Clearly,
01 = r(Qry) for some y, so 6; < A1. To establish the lower bound on 6, we
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write g = Y ;- d;z;, and obtain

aip(A)Ap(Aar i, dip(N)*Ni
ap(A)2ar Y, d2p(N)?
it dp)* (i + M — A1)
> i dz?p()\i)2
S dZp(Ni)? (A1 — i)
> st d?p()\i)Q
Do dz?p()‘i)z
A — (M1 )\n)d%p()\l)Q + 3, d2p(N)?

v

We can obtain a sharp bound by choosing

T — Ay
p(x) = cx—1 <1+2)\2 _)\n>.

The argument to ¢;_1(x) is constructed to map the interval [A,, Ao] to [—1, 1].
Since |cx—1(z)| <1 on [—1,1] and grows vary rapidly outside this interval, it
follows that p(x) is large at A1 and small at the other eigenvalues. Therefore,
using the fact that dy = qszl, we obtain

Tp(A)Ap(A
0, — max qlp(T) p2( Jau
pePr1  qi p(A)%an

o d2
)\1 _ ()\1 _ )\n) 22:2 7

>
- dick—1(1+ 2p1)?
1— d? 1
> A — (M — M\ L
= M= ) A} cg—1(1+2p1)?
2
> A= (A = Ag)—(@)

cr—1(1+2p1)?
O

Similar bounds can be established for 6, regarding its rate of convergence
to Ap.

14.5 Block Lanczos

Often one wishes to use several vectors at a time with the Lanczos procedure.
The previous algorithm can be easily modified to accomodate this. Suppose
we started with p initial orthonormal vectors as the columns of ()1. We will
construct the decomposition 4 = QJQT, where Q = [Ql, cee Qr] and
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@ is orthogonal, and J is block tridiagonal, namely

A B 0 0
BY Ay B :
J=1o . - 0
: BI', A1 B,
0 ... 0 BE, A

Note that n = p - r and each sub-block within J is p x p.

A=QJQT
AQ =QJ
AQy = Q1A; + QoBY
= QT AQ1 = A41QT QB
= A

assuming the columns of (05 are orthonormal, and orthogonal to those of Q1.
Then,

Q2B] = AQ1 — Q1A1 = 7.

Tz =QTaQ,—A=o0.
So, the columns of Z; are orthogonal to those of ()1. Furthermore,

Z{ 7y = B1Q3 Q2B

— B, BT

So, one possible way to construct By would be via a Cholesky Factorization
of ZI'Zy, hence Qy = Z1 By T but this is a bad choice. Instead, we will
compute the QR factorization of Z7, and let the transpose of the R factor
be B, hence Bj is lower triangular, and Z; = QQBIT.

We now have constructed Aj, a lower triangular By, and @1 (which was
given) and @2, reducing A to the form

(A, B; 0 ... 0
Bf x x X
0 x x ... x
| 0 x x ... X

We shall now proceed inductively. After j — 1 steps we have constructed
A1, ..., Aj_1, lower triangular matrices B, ..., Bj_1, and matrices with mu-
tually orthonormal columns, @1, ...,Q;. Then,

AQj = Qj1Bj 1+ QjA; + Q1B .
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So,

QTQ;1Bf = QTAQ; — QTQ;A; — QTQ;-1B;

= QT AQ; — A;.
Z; = AQ; — QjA; — Q1B
= Q18]

Then, we construct @j+1 and B, from the QR factorization of Z;, and define
Bj to be the transpose of the R factor, as before. It can be shown that all
orthogonalities for ()41 are maintained as necesary, and so A; = Q]TAQ]-.

We have not only constructed a block tridiagonal matrix, but it has upper
triangular blocks along the sub-diagonal, and lower triangular blocks along
the super-diagonal. Thus, the resulting J matrix is banded, with bandwidth
2p+ 1.

14.6 More Error Bounds

We can generalize the Kaniel-Paige theory to determine error bounds based
on the block Lanczos procedure. After ¢ steps, we have

(A, By 0 0
BT Ay, B, :

: Bl, A1 By
|0 ... 0 B, A

Suppose A has eigenvalues A; > --- > \,, with a complete set of correspond-

ing eigenvectors zi,...,z,, and A, > A,11 (recall, p initial vectors are used

to define @1). Furthermore, suppose J; has eigenvalues p,..., 1y, Then

A=ZAZT and W = Z7TQ, = [%1] where W7 is a p x p block. If W7 is
2

nonsingular, then o,,;,(W1) > 0 and

Mo > e > Mg — €7

where
82 o (/\1 — /\k) tan2 9k
k= v
TP 1 (7555)
and 0 = cos ™ (o pmin(W1)), v = %, and Ty(v) is the s Chebyshev

polynomial of the first kind. As mentioned in the previous lecture, these
polynomials are the smallest polynomials inside the interval [—1,1], and
increase the fastest outside the interval. Thus, the denominator has a term
which is potentially quite large.
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For example, if A is a 1000 x 1000 matrix, and we choose 2 initial vectors
to define Q1 (i.e., p = 2), and these vectors yield oy, (W) = 0.4, and if the
eigenvalues of A are ordered with Ay =0, Ao = 0.1, A3 = 0.5, and A1g90 = 1,
then after 10 steps of Block Lanczos (i.e., t = 10),

M <pp <A +26x%x1078,
Ao < pio < Ao+ 3.6 x1077.

It should be noted however that the spacing between the second and third
eigenvalues is rather large. Typically, if A is the result of a discretized
differential operator, eigenvalues will be be clustered together, so such a
large separation between the second and third eigenvalues is unlikely. If a
sequence of problems are to be solved, and the eigenvalues do not change
very much from one problem to the next, this set of bounds could prove
useful in obtaining estimates for the number of Lanczos iterations required,
and good block sizes to use. Typically, a small p is chosen, such as 2 or 3.
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Lecture 15

Lanczos Technical Details
and Interlaced Eigenvalues

15.1 Why Study Lanczos?

The Lanczos algorithm applied to a symmetric matrix generates a sequence
of orthonormal vectors {qi,...,qr} after k steps. These vectors serve to
tridiagonalize A in such a manner that

AQr = Q1T + rpef,

where Q) = [ a1 - gk ] and
(a1 1
f1 o [
T, =

Br—2 ar—1 Br-1
Br-1 o |

Why should we study the Lanczos algorithm?

e In its basic form, without worrying about several technical details, it
is easy to implement. More importantly, it is especially convenient for
large sparse matrices as it only requires the matrix A for matrix-vector
multiplication.

e At each intermediate step it yields a symmetric, tridiagonal matrix,
Ty, whose eigenvalues are easy to calculate.

e The eigenvalues of T}, approximate the eigenvalues of A.

e Lanczos is the optimal Krylov Subspace method in the absence of
roundoff errors.
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This last statement deserves some further commentary. In Lanczos, given
any vector of unit length qi, and assuming Gy = 0 and qg = 0, we generate
a sequence of {ay}, {OBk}, and{ry}, where

r, = (A—apD)ay — Br—19k—1,
and qx4+1 = ﬁ—lkrk. Thus,
frag =r1 = (A —oa1l)q;
=p1(A)qs.
1
Bad3 = E(A —al)(A—a1l)ge — frqs.

=pa(A)qs.
= ar = pr—1(A)d

Thus, the vectors {qu, ..., qx } span the same subspace as the Krylov subspace
{q1, 4qi, ..., Ak_lql}. In other words, any vector which can be expressed as
a linear combination of the Lanczos vectors {q;} can also be expressed as a
linear combination of the Krylov subspace vectors {47~!q;}. So,

xT Ax
A A) =085 ST

(15.1)

This is the sense in which Lanczos is optimal. The largest eigenvalue of T}, is
a maximum of Rayleigh quotients over all vectors within the & Krylov sub-
space generated by A and q;. The fact that this maximum equals the largest
eigenvalue of T}, tells us that there is no other Krylov subspace method which
will yield a better estimate for the largest eigenvalue of A than the largest
eigenvalue of Ty, after k steps, with this starting vector. Given a good choice
of qi, we will get excellent convergence to the largest eigenvalue. But this
dependence on the starting vector can be a downfall of the method as well, as
a bad choice of q; will require many iterations before a reasonable estimate
can be obtained.

Unfortunately, there are numerical difficulties associated with the ro-
bustness of the algorithm. As we shall see later, this is related to a loss of
orthogonality of the vectors {qy}. As a result, the computed eigenvalues of
T, can be quite different from the eigenvalues of A, despite the fact that
they should be identical.
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15.2 Interlaced Eigenvalues for Rank 1 Updates

Often one would want to compute eigenvalues of a rank one modification of
the symmetric matrix A, namely, the eigenvalues of

AW = A+ vvT,

Let us call the eigenpairs of A, (A1,u1),..., (An,u,), and the eigenpairs of
AW (11,%X1), vy (fns Xp). Then, if x is an eigenvector of AW,

AWx = (A + vwh)x = pux.

This implies that

(A plx = —vvlx.
= —(A—pul)” Ivwilx.
= vix +vI(A - puh) tvwix =0.

= vIx)1 +vE(A—pul)~tv) =0.

If v is an eigenvector of A1) corresponding to an eigenvalue other than p,
then vI'x = 0, but we shall assume that this is not the case. Then we can
define the function

¢(p) =1+ v" (A= pl)™!
=1+vI(UAUT — D)~y
=1+ vI(UA - pnHUT)!
=14+vIUWN - pu) Uy
=14+wl(A—pun)™?

>
=1+ L
o A

where w; = eZTU Tv. Therefore, finding the zeros of ¢(u) is equivalent to
finding the eigenvalues of A, If we make the assumption A\; > Ag > --- >
An > 0, then we can easily sketch ¢(u). Clearly, as pu approaches each A,
from the left, ¢(u) increases toward infinity. As p approaches each \; from
the right, ¢ () decreases toward —oco. Finally, as p tends toward o0, ¢(u)
tends toward 1. A simple sketch of this behavior is shown in Figure 15.1.
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Figure 15.1: Sketch of ¢(u) for Asxs.

We can place an upper bound on p; as follows:

Cx{(A+vh)xg

H1 = X,{Xl
xT(A+vvl)x
=max ———=———
x#0 X X
xT Ax (xTv)?
< max max
x#20 xTx  x#0 ||x|3
<X+ VI3

with the last inequality resulting from the Cauchy-Schwartz Inequality. For
example, the eigenvalues of

A: 7andA(1):

interlace since A = A + ejel.
Sometimes ¢(u) is used on parallel architectures as part of a divide and
conquer scheme, developed by Cuppen. Given the matrix T5,, we can par-
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tition the matrix using the concept of a rank 1 update:

al b1 i
bl a9 bg
o bn—l (29 bn
Ton = by, an+1 bn+1
bon—2 ap—1  ban—1
| bon—1  az, |
Ca b i
b1 a9 b2
B buot  an — by 0
N 0 an—i—l_bn bn-i-l
bopn—2 azp—1  banp—1
| bon—1  azn |
n by | bn
by | by
M| o

0 7 + bn(en +ent1)(en + en-i-l)T-

n

Then, we could recurse downward, applying the same trick to Ty(Ll) and Té}),
until 2 x 2 blocks remain. Then, eigenvalues can be found using ¢(u) and
perhaps Newton’s method.

15.3 Interlaced Eigenvalues and Augmented Ma-
trices

Suppose we take a symmetric matrix A and augment it so that

A b
(1) —
a5 b

How do the eigenvalues of A% relate to those of A?
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The system of equations that defines the eigenvalue problem tells us that
(A—pl)x+b& =0, (15.2)
bTx + (c — p)é = 0. (15.3)
Solving (15.2) for x and plugging the result into (15.3) yields
X = _(A - /’LI)_lbfa
(=bT(A—-pu) b+ (c—p)é=0.

As in the previous section, if x is not the eigenvector of A corresponding to
the eigenvalue u, then £ # 0, so then finding the zeros of ¢(u) where

o) = (c—p) — BL(A—pI)~'p
Ai — [

= C — 'u/ —
i=1
yields the eigenvalues. As before, we can generate a quick sketch of this
function and see that

1> AL > 2 > > Ay > g

under the same assumptions as before.

Clearly, as you increase the dimension of the matrix, the largest eigen-
value of the augmented matrix is larger than the largest eigenvalue of the
original matrix. Similarly, the smallest of the augmented matrix is smaller
than the smallest of the original matrix.

15.4 The Breakdown of Lanczos

Returning to the discussion of Lanczos, the eigenvalues of T, do not exactly
interlace the eigenvalues of A; after all, there are only k eigenvalues of Ty
while A has n. However, we can show that the smallest eigenvalue of A is
smaller than the smallest eigenvalue of T, and we have already seen that
the largest eigenvalue of A is larger than that of 7). But Kaniel and Paige
proved some bounds that are enlightening.

Let {\;} denote the set of eigenvalues of A, and {u;} denote the set
of eigenvalues of Tj. Furthermore let us assume that these eigenvalues are
in descending order (A > ... > A\, and p3 > ... > ug), and {z;} are the
corresponding eigenvectors of A. Then after k steps of Lanczos with blocks
of size 1 (i.e., classical Lanczos),

()\1 — )\n) tan? (251

> > —
A T o
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where cos(¢1) = |ql z1], p1 = /’\\;ii, and Cy_1(z) is the k — 15" Chebyshev
polynomial of the first kind.

We can see that the governing parameters are the separation between the
largest and smallest eigenvalues of A, the separations between A\ and Ay, as
well as that of Ao and A,,. The angle between the initial guess vector and the
leading eigenvector plays an important role. Furthermore, the denominator
will increase dramatically with k.

Similarly, we can relate the smallest eigenvalues of A and Tj:

(An — A1) tan? ¢,

An S pp < A+
i Cr1(1+ 2pn)]2

An—1—A
where cos(qﬁn) = \q{znfa and p, = AliAnn'

We have noted in the past that for differential operators, the eigenvalues
tend to cluster near the smallest eigenvalue with relatively few outliers. To
find the smallest eigenvalues in this case, we can work with (A—oI)~! where
o is chosen to yield a better representation of the eigenvector. Suppose

i =0.1,0.12,0.13, ...,2.0,2.1,2.2, 10, 11.

We might want to work with (A —0.57)~! or even A~! to obtain the smallest
eigenvalues. If we wanted information about eigenvalues clustered near 2,
we could pick o near 2 as well.

Unfortunately, the Lanczos algorithm does not live up to all of the claims
made using exact arithmetic for floating point computations. As k (or n)
grows large, the vectors {q;} lose orthogonality due to the use of the 3-term
recurrence relation. By using this, we explicitly construct qx41 orthogonal to
qr and qg_1, and basically hope that the result in exact arithmetic that the
remaining vectors are also orthogonal still holds, instead of explicitly forcing
the result. This hope gives Lanczos its efficiency, but also suggests the use
of re-orthogonalization if we can detect the breakdown of the algorithm. So
we can use the Gram-Schmidt process,

k-1
rei=1p— Y (v ),
i=1
where the := operation denotes redefinition (overwriting). The obvious

drawbacks of this process are that we must store all of the previous vec-
tors q; that we must use to compute the inner products.

Paige (1971, 1976) performed detailed studies of the numerical properties
and made the following algorithmic adjustments. We shall use A to denote
quantities computed from the classical Lanczos algorithm. Then,

AQy, = QuTy, + e} + Ej,
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where Ej denotes a matrix of errors, and ||Ex|l2 = €1 acn || All2. Also, keep

T~
in mind that Qr @ # I. From this we can conclude that

|rk ql| + 6Hjla(th‘4||2
1B

|/\T/'\

qk+1 q2| ~

Thus, if ﬁk gets small, we can expect to have big problems. Furthermore,
if we denote the computed eigenpairs of Tk as (g, sk), and Yk = ﬂ(QkSk)

(i.e., i’; is a matrix containing the computed approximations to eigenvectors
of A), then

|/\TA Emach”AHQ
dk+1 Yil = — ’

|G |5kl
1AY: — [illz & 1 Bkl|5kil

So one possible solution to the problem is to calculate ||Ay; — fyill2, and
if the result is small, then y; is a good approximation for an eigenvector, so
we shall declare (f;,y;) an eigenpair, and then reorthogonalize the future
iterates against y;. This strategy, known as selective reorthogonalization,
effectively provides a way of deflating the matrix A.

Other solutions involve ignoring the problem, and letting Lanczos run
for ~ 3n iterations, yielding 3n eigenvalue and eigenvector estimates, many
of which are not good, but there should be n that are good. Another strat-
egy, called complete reorthogonalization, simply involves reorthogonalizing
at every step.

15.5 Netlib

Dongarra and Gross have assembled a set of algorithms which the scientific
computing community has generally accepted as being confident. These
codes are not perfect for every situation, but are very good for the majority
of problems. The codes are freely available for download at

http://www.netlib.org
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Lecture 16

Unsymmetric Lanczos,
Orthogonal Polynomials, and
Quadrature

16.1 Unsymmetric Lanczos

We have rather thoroughly discussed the Lanczos algorithm as it is applied
to symmetric matrices. What can be done when A is not symmetric? Pre-
viously, we constructed matrices T and @ such that QT AQ = T where T
is symmetric and tridiagonal, and @ is orthogonal. This is not possible if
A # AT Instead, we shall attempt to construct matrices @ and T such that

o1 7 ]

B o Y2

Q_lAQ —T = . .

5n—2 On—1 Yn-1
Bn-1 Qn |

Note that further difficulty arises when we attempt to compute the eigen-
values of T since QR iterations only preserve the tridiagonal structure when
T=T1".

In the generation of the algorithm, we shall attempt to form

A=QTQ™!
AT — Q_TTTQT
= pP7TTP.

That is, we will form sequences of vectors {q;} based on A, and {p;} based
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on AT, Since P = Q7 we have orthogonality relations

PQT =1
QTP=1

Looking at our equations for A and A7,

AQ = QT
= Aqy = Brdr+1 + arQr + Ve—19k—1-
ATpP = pPT

= ATpj = wpri1 + Pk + Br_1Pr—1-

So,
P} Aqy, = ay,.
Furthermore,
BrAk+1 = Tk
= (A — apD)qr — Vk—19k—-1-
VePk4+1 = Sk
= (A —axD)Tpr — Br_1Pr_1.
Thus,

P£+1Qk+1 =1
i sgrk
B
S%I‘k

B

Therefore, v and i are not defined uniquely. By convention, one often
chooses O = ||rll2-

Algebraically, everything looks fine, but computationally, it leaves much
to be desired. If r;, = 0, then iterations terminate. This results in the
formation of an invariant subspace of A, namely [qi,...,qx|. Furthermore,
the eigenvalues of T}, are eigenvalues of A. So, this is not a bad situation to
be in. Similarly, if s = 0, iterations terminate with the vectors [p1, ..., Pk]
forming an invariant subspace of AT, and the eigenvalues of T}, are again
eigenvalues of A.

The bad situation is if Sgrk = (0. Then we truly break down since 0
and 7 cannot be constructed. This situation is a mathematical possibility
as well as a computational possibility.

= Tk =
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One solution to this problem is due to Parlett. He devised a look-ahead
strategy. The idea is to augment the sequences, but now, T}, is not tridiag-
onal. Instead you get a tridiagonal matrix, with a step associated with the
look-ahead iterations, when they are needed:

X
X X X
X X X

Ty =

X X X
X X X X
X X X X X

X
X

Once we have generated T}, two problems arise. First, mathematically,
how do the eigenvalues of T}, relate to those of A? And, secondly, how do we
compute the eigenvalues of T} 7 This second problem is a legitimate problem
since T}, is not symmetric, so standard QR iterations will introduce a filling
of the upper right quadrant of non-zeros, resulting in an upper Hessenberg
form. Newton’s method produces real valued roots of polynomials given
real initial guesses, so perhaps we could use a complex set of initial guesses.
Alternatively, we could use a method based on finding roots of quadratics,
such as Muller’s Method. The generalization of QR iterations referred to
as LR iterations will preserve the tridiagonal form, but there are numerical
issues with this algorithm. The first question has yet to be resolved as well.

An alternative to Lanczos is to use Arnoldi iteration, which will generate
an upper Hesenberg form:

AQ = QH.
= Aqi = hiiqi + h21q2.
- hit = qf Aqy,
ho1 = [|Aq1 — hi1qilfz,

1
—(Aqi — hniqi).

q2 =
ha1

One proceeds in a similar manner to complete the construction. This con-
struction is also used in some methods for solving Ax = b. One of these
methods is known as Quasi-Minimal Residual (QMR).
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16.2 Orthogonal Polynomials

Let p;j(x) be a polynomial of degree less than or equal to j. Then we say a
family of polynomials {py(z)} are orthogonal with respect to w(x) if

b
/ pr(z)ps(z)w(z)dr =0 for r # s.

Alternatively, given a distribution function f(z), the family is said to be
orthogonal with respect to f if

/pr(iﬂ)ps(x)df =0 for r # s.

With this representation, we can include discontinuous distribution func-
tions. The family of polynomials are called orthonormal if they are orthog-

onal and [ p,(z)p,(z)df = 1.
All families of orthogonal polynomial will satisfy a 3-term recurrence
relationship of the form

pr—i—l(x) = (w - ar—i—l)pr(x) - 53177“—1(1')7 po(l’) - 07 pl(l') =1
This implies that
»Tpr(l’) = pr-i—l(x) + ar—i—lpr(x) + ngr—l(x)- (161)

Let us now define a vector of polynomials in x,

Po(T)
mn(z) = :
Pn(T)
Then (16.1) tells us
oy 1 _
% (65) 1
5177Tn($) = Wn($) +pn($)en-
ﬁg_Q On—1 1

1 Qn |

coamy(z) = CZ:T('n(J}) + pn(x)ey,.

Thus, if we wanted to find the roots of p,(z) (i.e., all x = \; such that
pn(Ai) = 0), we should solve the eigenvalue problem

/\ﬂl’i = TT('Z'.
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Recall that for this matrix T, there exists a diagonal matrix D such that

(a1

B ar  Bo

DTD ' = ;

ﬁn—2 Qp—1 ﬁn—l
ﬁn—l (077}

which is clearly symmetric. Hence, shifted QR iterations would work quite
well here. Furthermore, this formulation shows that the roots are clearly
real valued and distinct if each 3; # 0. We can also find bounds on these
roots from Gerschgorin disks, and other means.

16.3 (Gaussian Quadrature

Suppose we wanted to numerically evaluate (approximate) an integral. We
can follow the suggestion of Riemann summation, dividing the interval into
regions (quadrants), and approximating the integrand as a sum of area cal-
culations,

b n
[ s =3 wigla).
a i=1

The points of evaluation of g, {x;}, are called nodes, and the coefficients that
proceed them, {w;}, are called weights. One method for choosing the weights
and nodes is to first pick nodes, perhaps uniformly spaced across [a, b], then
construct the interpolant of g based on these nodes, and then selecting the
weights so that the interpolant is integrated exactly. But we can clearly get
better methods if we choose the nodes and weights more carefully.

We shall use a technique known as moment matching. The k*" moment

b
,uk:/ zrdf.

We then pick n, and select weights and nodes so that the first 2n moments
are computed exactly:

is

n
,uk:Zwixf, for k=0,1,...,2n — 1.
i=1

Since we have 2n free parameters to choose from it is reasonable to think
that this method might succeed, but this system of equations is non-linear,
so we cannot be sure without performing some analysis first.

Suppose g(x) is a polynomial of degree 2n —1 (i.e., g € Pa2,—1). We shall
show that there exists {w;} and {x;} such that

b n
/ g@)df =3 wig(a).
a i=1
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Furthermore, for more general functions, G(x),

b n
/ Ga)df = wiGlw:) + FIG)
a i=1

where
1. z; are real, distinct, and a < x; < bfori=1,...,n.
2. w; > 0.
G2n) b n
3. BlG] = (2n)(!£) Jo T (2 — @3)%df.

Notice that this method is exact for polynomials of degree 2n — 1 since the
error functional depends on the (2n)"* derivative of G.
To prove this, we shall construct an orthonormal family of polynomials

{pi(z)}, so that
b r#s
/pmmu@ﬁz{o re

1 r=Ss.

We choose {z;} to be the roots of the n* polynomial in this family. Now,
we will construct the interpolant, L,_1, of g(z) through the nodes:

_ Pn ()
W) = Tl
pn(xj)
ll(x]) B (Uﬂj — z;)py ()
_Jo i# ]
Lya(x) =) gla)li(x).
i=1

o Lnoa(xg) =Y glaa)li(ay) = glay)l () = g(a;).
i=1
We shall now look at the interpolation error function

e(r) = g(x) — Ln-1(x).

Clearly, since g € Pay—1, € € Poy,—1. Since e(x) has roots at each of the roots
of pn(x), we can factor e so that

e(x) = pn(z)r(z),



then r € P,_1. The integral of g can be written as
b b b
/ g(e)df = / L1 (2)df + / po(@)r(2)df
a (lb a
- / L1 (2)df

where w; = f: li(z)df = ff %df. If this formula were easy to
evaluate exactly, we could use it to find the weights. If not, once we have
computed the nodes, we could use moment matching, and solve an n x n
system of linear equations to obtain the weights.

It is easy to show that the weights are positive. Since the interpolation

basis functions l; € P,_1, [? € Pap_a,

b n
0< / 2(x)df = ijl?(xj) = w;.
a =1
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